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1.1 Introduction and Preliminaries

1.1.1 Introduction

We give an introduction to the design of parallel algorithms with the probabilistic method.
Algorithms of this kind usually possess a randomized sequential counterpart. Parallelization
of such algorithms is inherently linked with derandomization, either with the Erd}os-Spencer
method of conditional probabilities, or exhaustive search in a polynomial sized sample space.

The key notation is the treatment of random variables with various concepts of only lim-
ited independence, leading to polynomial sized sample spaces with time and space e�cient
implementations of the conditional probability method.

Starting with the de�nition of limited independence in Section 1.2, we discuss in Section
1.3 algorithms using limited independence in a more or less direct way: the maximal in-
dependent set algorithms of Luby (1986) [Lub86], which marks the begin of the subject,
and the algorithms due to Berger, Rompel (1989) [BR91] and Motwani, Naor, Naor (1989,
1994) [MNN94] for parallel computation of low discrepancy colorings of hypergraphs and
its extension to the lattice approximation problem. Although the lattice approximation
problem can be viewed as a packing problem, the direct application of limited indepen-
dence could not achieve parallel counterparts of well-known approximation algorithms for
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integer programs of packing type. An important step broadening the range of applicabil-
ity has been the introduction of e�cient parallelization by so called fooling of automata
by Karger and Koller [KK97]1, which is presented in Section 1.4. The idea is to simulate
a randomized algorithm by deterministic �nite automata on a probability distribution for
which the number of strings with nonzero probability is polynomial in the input size, while
the original probability distributions for the randomized algorithm typically lead to an ex-
ponential number of such strings. A similar approach giving a little stronger results for
the lattice approximation problem has been presented by Mahajan, Ramos, and Subrah-
manyam [MRS97]. Finally, in Section 1.5 we �rst show the impact of limited independence
to a packing type problem, the multidimensional bin packing due to Srivastav and Stang-
ier [SS97a, SS97b] and then proceed to Srinivasan's [Sri01a] parallel algorithm for general
packing integer problems, which is based on the automata fooling and a nice compression
of the (exponential) state space to polynomial size. A comprehensive treatment of all ap-
plications of the probabilistic method in parallelizing algorithms is beyond the scope of this
chapter. Though, we have tried to include many topics in the bibliography and remarks
at the end of the speci�c sections. The intention of this paper is to show the development
of the method of k-wise independence in a straightforward way, starting with applications
where constant independence is su�cient, passing applications of log n-wise independence
like discrepancy problems and reaching the applications to integer programming. We give
the proofs in the �rst three sections in full detail so that also non-experts can �nd a self-
contained introduction to the subject with detailed proofs of processor and time bounds
without tracing a list of papers with sometimes varying notations. The examinations of so
far presented proofs lead to the revision of some processor and time bounds. The Sections
1.4 and 1.5 contain some state-of-the-art results on parallel algorithms via the probabilistic
method. Our emphasis there is on methodical aspects rather than completeness. There are
numerous open problems in the area. In Section 1.6 we give a selection of them which we
�nd not only appealing, but important beyond the scope of parallelization.

1.1.2 Preliminaries

Vectors and Matrices

For every n 2 N denote [n] := f1; : : : ; ng. The logarithm log is always taken to basis 2.
Given a (m� n) matrix A over some �eld F, denote by rangeA its range fAx; x 2 Fng �
Fm and set rankA := dim rangeA. The kernel, i.e., elements in Fn that are mapped to
zero, is denoted by kerA. For a vector x 2 Fn and an index set I � [n] denote by xI the
vector of entries from x with indices in I. We choose the same notation, x� for vectors of
indices, i.e., � 2 [n]

k
for some k 2 N. For a matrix A, the submatrix with rows from A

according to I is AI (according to a vector �, it is A�). For two vectors x; y 2 Fn denote
the scalar (or inner) product x � y :=

P
i2[n] xiyi.

The ith component of a vector v 2 Fn as usually is denoted by vi, and if a family of
vectors v1; : : : ; vk is given, vji denotes the ith coordinate of vector vj , i 2 [n], j 2 [k].

1We note that a close inspection and analysis of the lattice approximation algorithms of [MNN94] gives
error bounds leading to weaker bounds for the support size in the basis crashing algorithm of [KK97].
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Binary Representations

We use two di�erent ways for the binary representation of natural and rational numbers.
Given a set 
 := f0; : : : ; d� 1g for some d 2 N which is a power of 2, and a vector x 2 
n

(or a sequence x1; : : : ; xn 2 
) we write x 2 f0; 1gn log d for the binary representation of x.
More precisely, x is chosen such that

xi =

i log dX
j=(i�1) log(d)+1

xj2
j�1�(i�1) log d for all i 2 [n]: (1.1)

Given a number x 2 [0; 1] with L+ 1 bits of precision, bitl(x) denotes the lth bit, i.e., we
have

x =
LX
l=0

2�l bitl(x) :

Given a vector p 2 [0; 1]n, where each of the n entries is given with L+1 bits of precision, we

sometimes need the lth bit of each of the entries. We write ~bitl(p) = (bitl(p1) ; : : : ;bitl(pn))
for this.

Logarithmic Terms

Given parameters a1; : : : ; ak and a function f depending on them, we write f(a1; : : : ; ak) =

O (log (�)(a1; : : : ; ak)) if f(a1; : : : ; ak) = O (log(g(a1; : : : ; ak)), and g depends polynomially

on a1; : : : ; ak. For example, log(a1 log2(a2 log(a53) + a4)) = O (log (�)(a1; : : : ; a4)). We drop
the parameters (a1; : : : ; ak) in some cases, if they are polynomially bounded in the input
length of the given problem. This will be used to simplify the statement of some results.

Graphs and Hypergraphs

We use the standard notation of �nite graphs and hypergraphs [Ber73]. A graph G = (V;E)
is a pair of a �nite set V (the set of vertices or nodes) and a subset E � �V2�, where

�
V
2

�
denotes the set of all 2-element subsets of V . The elements of E are called edges. Denote
the neighbors of a vertex v 2 V by N(v) := fw 2 V ; 9 fv; wg 2 Eg. For a subset S � V
of vertices denote their neighbors by N(S) := fw 2 V n S; 9v 2 S : fv; wg 2 Eg.

A hypergraph or set system H = (V; E) is a pair of a �nite set V and a subset E � P(V )
of the powerset P(V ). The elements of E are called hyperedges. The degree of a vertex
v 2 V in H, denoted by deg(v) or d(v), is the number of hyperedges containing v, and
deg(H) = max

v2V
d(v) is the (vertex-)degree of H. For a pair of vertices u; v 2 V , codeg(u; v)

is the co-degree of u and v, and is the number of edges containing both u and v, and
codeg(H) is the maximum over all codeg(u; v). H is called r-regular if deg(v) = r for all
v 2 V . It is called s-uniform if jEj = s for all E 2 E . It is convenient to order the vertices
and hyperedges, V = fv1; : : : ; vng and E = fE1; : : : ; Emg; and to identify vertices and edges
with their indices. The vertex-hyperedge incidence matrix of a hypergraph H = (V; E), with
V = fv1; : : : ; vng and E = fE1; : : : ; Emg, is a matrix A = (aij) 2 f0; 1gn�m, where aij = 1
if vi 2 Ej , and 0 else.

For a modern treatment of graph theory, we refer to the books of Bollob�as [Bol98], Diestel
[Die97], and West [Wes96].
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Probabilistic Tools

Throughout this chapter we consider only �nite probability spaces (
;P); where 
 is a
�nite set, usually a product of �nite sets, and P is a probability measure with respect
to the powerset P(
) as the sigma �eld. Let u1; : : : ; un and v1; : : : ; vn be integers, and
let X1; : : : ; Xn be mutually independent (brie
y independent) random variables, where Xj

takes the values uj and vj , j 2 [n] and

P [Xj = uj ] = pj ; P [Xj = vj ] = 1� pj
for pj 2 [0; 1] for all j 2 [n]. For all j 2 [n] let wj denote rational weights with

0 � wj � 1 and let  :=
nX
j=1

wjXj

be the weighted sum. For uj = 1, vj = 0, wj = 1 and pj = p for all j 2 [n], the sum
 =

Pn
j=1Xj is the well-known binomially distributed random variable with mean np. The

�rst large deviation inequality is implicitly given in Cherno� [Che52] in the binomial case.
In explicit form it can be found in Okamoto [Oka58]. Its generalization to arbitrary weights
is due to Hoe�ding [Hoe63]:

THEOREM 1.1 (Hoe�ding 1963)

Let uj = 1, vj = 0 for all j 2 [n] and let � > 0. Then

(i). P [ � E [ ] + �] � exp(� 2�2

n )

(ii). P [ � E [ ]� �] � exp(� 2�2

n ):

In the literature Theorem 1.1 is well known as the Cherno� bound. A proof of a stronger
version of it can be found in the Book of Habib, McDiarmid, Ramirez-Alfonsin, and Reed
[HMRAR98]. The following theorem is also known as Cherno� bound. Its proof for the
unweighted case can be found at several places, e.g., in the book of Motwani and Raghavan
[MR95]. For convenience, we give a proof for the general case.

THEOREM 1.2 Let uj = 1, vj = 0. Then

(i). P [ � (1 + �)E [ ]] �
�

exp(�)
(1+�)(1+�)

�E[ ]
for all 0 � �, and

(ii). P [ � (1� �)E [ ]] �
�

exp(��)
(1��)(1��)

�E[ ]
for all 0 � � � 1.

Proof Fix some t > 0, which will be speci�ed precisely later. By the Markov inequality
and independence we have

P [ � (1 + �)E [ ]] = P [exp(t ) � exp(t(1 + �)E [ ])]

� E [exp(t )]

exp(t(1 + �)E [ ])

=

Qn
j=1 E [exp(twjXj)]

exp(t(1 + �)E [ ])
:

(1.2)
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For all j 2 [n] we can bound the expectation E [exp(twjXj)] = pj exp(twj) + (1 � pj) �
exp(pj exp(twj)� pj), because 1 +x � exp(x) holds for all x � 0. Plugging in t = ln(1 +�)
yields E [exp(twjXj)] � exp(pj exp(ln(1 + �)wj) � pj) = exp(pj(1 + �)wj � pj). Because
for all x � 0 and y 2 [0; 1] we have (1 + x)y � 1 + xy, we �nd exp(pj(1 + �)wj � pj) �
exp(pj(1 + �wj)� pj) = exp(�pjwj). So we have

nY
j=1

E [exp(twjXj)] �
nY
j=1

exp(�pjwj) = exp(
nX
j=1

�pjwj) = exp(�E [ ]):

Using this in (1.2) and further simplifying with t = ln(1 + �) yields the assertion (i) of the
theorem. The assertion (ii) can be proven along the same lines, using that (1�x)y � 1�xy
for all x; y 2 [0; 1]. �

The right-hand-sides of these bounds are known as functions G and H resp. in the
literature:

G(�; �) :=
� exp(�)

(1 + �)(1+�)

��
; 0 � �; �;

H(�; �) :=
� exp(��)

(1� �)(1��)

��
; 0 � �; 0 � � � 1:

By real analysis, one can show that for 0 � � � 1 we have G(�; �) � exp(��2�3 ) and

H(�; �) � exp(��2�2 ). This gives the following bound, originally due to Angluin and
Valiant [AV79].

THEOREM 1.3 (Angluin, Valiant 1979)

Let uj = 1, vj = 0 for all j 2 [n] and let 0 � � � 1. Then

(i). P [ � (1 + �)E [ ]] � exp(��2E[ ]3 ),

(ii). P [ � (1� �)E [ ]] � exp(��2E[ ]2 ).

For random variables with zero expectation there are several inequalities which can be
found in the book of Alon, Spencer, and Erd}os [ASE92], and Alon and Spencer [AS00].

THEOREM 1.4 (Hoe�ding 1963)

Let uj = 1, vj = �1, wj = 1 for all j 2 [n]. For � > 0 we have

(i). P [ � �] � exp(��2

2n ),

(ii). P [ � ��] � exp(��2

2n ).

The following, for the unweighted case (i.e., wj = 1 for all j 2 [n]), is [AS00, Th. A.1.6,
A.1.7]. Their proof can be extended in a straight-forward way to the general case.

THEOREM 1.5 Let uj = 1� pj, vj = �pj for all j 2 [n] and let � > 0. Then

(i). P [ � �] � exp(� 2�2P
j w

2
j
),

(ii). P [ � ��] � exp(� 2�2P
j w

2
j
).
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Hence P [j j � �] � 2 exp(� 2�2P
j w

2
j
).

Proof Assertion (ii) follows from (i) via symmetry (apply (i) to � ) and the assertion
about j j clearly is a direct consequence of (i) and (ii).

We show (i). The idea is the same as in the proof of Theorem 1.2. Fix t > 0 to be
speci�ed later. By the Markov inequality and by independence we have

P [ � �] = P [exp(t ) � exp(t�)] � E [exp(t )]

exp(t�)
=

Qn
j=1 E [exp(twjXj)]

exp(t�)
: (1.3)

For all j 2 [n] we have E [exp(twjXj)] = pj exp(twj(1 � pj)) + (1 � pj) exp(�twjpj) �
exp(

t2w2
j

8 ), because x exp(t(1� x)) + (1� x) exp(�tx) � exp( t
2

8 ) holds for all x 2 [0; 1], see
[AS00, Lem. A.1.6]. So we have

nY
j=1

E [exp(twjXj)] �
nY
j=1

exp(
t2w2

j

8
) = exp(

t2

8

nX
j=1

w2
j ):

With (1.3), we see

P [ � �] � exp(
t2

8

nX
j=1

w2
j � t�):

Choosing t := 4�P
n
j=1 w

2
j

yields the bound in (i). Note that we may assume that not all

weights are zero, since otherwise the statement of the theorem is trivial. �

Alon and Spencer improved the Hoe�ding bound to exp(� 2�2

n ) replacing n by pn =
p1 + : : :+ pn:

THEOREM 1.6 (Alon, Spencer 1992)

Let uj = 1� pj, vj = �pj, wj = 1 for all j 2 [n] and let � > 0. Set p = 1
n (p1 + : : : + pn).

Then

(i). P [ � �] � exp(� �2

2pn + �3

2(pn)2 ),

(ii). P [ � ��] � exp(� �2

2pn ).

Computational Model

In this chapter we consider the synchronous parallel random access machine model, the
PRAM model. The various speci�cations for the PRAM are EREW, ERCW, CREW, and
CRCW, indicating exclusive read/exclusive write, exclusive read/common write, common
read/exclusive write, and common read/common write into the global memory, respectively.
We consider in this chapter only the EREW PRAM model, thus do not specify in the state-
ments of processor bounds and running times the parallel model explicitly. We sometimes
write NC algorithm instead of parallel algorithm, refering to the class NC (for a de�nition
see [Pap94, Chapter 15]). For model details we refer the reader to standard text books,
e.g., Papadimitriou [Pap94]. A quick introduction is given in the book of Motwani and
Raghavan [MR95] in the chapter on parallel and distributed computing.
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1.2 Limited Independence

1.2.1 The Method of Conditional Probabilities

The method of conditional probabilities has been invented by P. Erd}os and J.L. Selfridge
[ES73]. Further developments were given by Beck and Fiala [BF81], Beck and Spencer
[BS83], Spencer [Spe87], and introduced as a derandomization technique in integer pro-
gramming by Raghavan [Rag88]. With Raghavan's paper the technique became a common
and popular tool in the design of derandomized algorithms.

We consider the probability space (
;P) where 
 =
nQ
i=1


i, 
i = [N ], the powerset P(
)

is the �-�eld and P is a product, i.e., P =
nN
i=1
Pi, where Pi is a probability measure on


i. Let E � 
 be an event with P [E ] > 0 and let Ec denote the complement of E. For
!1; : : : ; !l 2 [N ], l 2 [n] denote

P [Ec j !1; : : : ; !l ] :=
P [Ec \ fy 2 
; y1 = !1; : : : ; yl = !lg]

P1 [f!1g] � : : : � Pl [f!lg] :

The following simple procedure constructs a vector in E.

Algorithm 1: Condprob

Input: An event E � 
 with P [E ] > 0.
Output: A vector x 2 E.

choose x1 as a miminizer of the function [N ]! [0; 1], ! 7! P [Ec j !];
for l 2 to n do

choose xl as a miminizer of the function [N ]! [0; 1], ! 7! P [Ec j x1; : : : ; xl�1; !];
end

A similar algorithm works for conditional expectations.

Algorithm 2: Condexp

Input: A function F : 
 7! Q.
Output: A vector x 2 
 with F (x) � E [F ].

choose x1 as a miminizer of the function [N ]! [0; 1], ! 7! E [F j !];
for l 2 to n do

choose xl as a miminizer of the function [N ]! [0; 1], ! 7! E [F j x1; : : : ; xl�1; !];
end

PROPOSITION 1.1 The algorithms Condprob and Condexp are correct.

Proof The argument is due to Erd}os and Selfridge [ES73]. Let x1; : : : ; xl�1 2 [N ], l 2 [n].
Conditional probabilities can be written as a convex combination:

P [Ec j x1; : : : ; xl�1 ] =
X
!2[N ]

Pl [f!g] � P [Ec j x1; : : : ; xl�1; !] :

By the choice of the x1; : : : ; xn and the assumption P [E ] > 0,

1 > P [Ec ] � P [Ec j x1 ] � : : : � P [Ec j x1; : : : ; xn ] 2 f0; 1g ;
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so P [Ec j x1; : : : ; xn ] = 0 and x 2 E. The proof for the algorithm Condexp is similar. �

E�ciency of these algorithms depends on the e�cient computation of the conditional
probabilities and expectations, respectively. In general, it seems to be hopeless to compute
conditional probabilities directly. But for the purpose of derandomization it su�ces to
compute upper bounds for the conditional probabilities, which then play the role of the
conditional probabilities. Such upper bounds have been introduced by Spencer [Spe87] in
the hyperbolic cosine algorithm, and later de�ned in a rigorous way as so-called pessimistic
estimators by Raghavan [Rag88]. Comprehensive treatment of sequential derandomization
in combinatorial optimization can be found in the handbook of randomized computing
[Sri01b].

1.2.2 k-Wise Independence and Small Sample Spaces

The conditional probability method can be viewed as a binary search for a \good" vector
in the sample space 
. If the size of 
 is polynomial in N and n, an exhaustive search is
already a polynomial-time algorithm. Small sample spaces correspond to random variables
with limited rather than full independence. Limited independence is applicable not only for
derandomization, but also for parallelization.

Let (
;�;P) be a probability space. In this chapter we consider only random variables
X1; : : : ; Xn with �nite ranges D1; : : : ; Dn.

DEFINITION 1.1 (k-Wise Independence)

X1; : : : ; Xn are k-wise independent if for any J � [n] with jJ j � k and any choice of
�j 2 Dj ; j 2 J we have

P [Xj = �j for all j 2 J ] =
Y
j2J
P [Xj = �j ] : (1.4)

The de�nition usually given in papers from the theoretical computer science community
is the following special case of De�nition 1.1:

REMARK 1.1 For uniformly distributed 0=1 random variables, k-wise independence
reads as follows: X1; : : : ; Xn are k-wise independent if for any r 2 [k], � 2 f0; 1gr and any
choice of r variables Xi1 ; : : : ; Xir ; 1 � i1 < i2 < : : : < ir � n,

P [(Xi1 ; : : : ; Xik ) = �] = 2�r:

A motivation for k-wise independence from the computational point of view is the follow-
ing observation. If X1; : : : ; Xn are independent 0=1 random variables, then the generation
of a vector (X1; : : : ; Xn) = (!1; : : : ; !n) requires n bits (n independent Bernoulli trials).
Now suppose that there is a (n� l) matrix B such that

BY = X;

where Y = (Y1; : : : ; Yl), X = (X1; : : : ; Xn), the Y1; : : : ; Yl are independent and X1; : : : ; Xn

are k-wise independent 0=1 random variables. If l is smaller than n, we need only l < n

random bits in order to generate X1; : : : ; Xn. In other words, the sample space is f0; 1gl
instead of f0; 1gn corresponding to the X1; : : : ; Xn.
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Alon, Babai, and Itai [ABI86] showed that k-wise independent 0=1 random variables can
be constructed from mutually independent random variables using a matrix over GF (2).

For simplicity, we make two assumptions.

� We assume that n = 2n
0 � 1 for some n0 2 N, n0 � 2. If n is not of this form, we

take the next larger number having this property. This enlarges the quantity n by
at most a factor of 2. This will change the size of the sample space, see Theorem
1.7. It will not, however, change the bounds on the quantity l, which later will
play the most important role. In all bounds on l, see (1.7) and (1.11), there
is only logarithmic dependence on n, and so bounds only change by a constant
factor (hidden in the O (:) notation).

� We assume k to be odd, i.e., k = 2k0 + 1 for some k0 2 N. If k is even, take k+ 1
instead of k. This does not change the bound on the size of the sample space in
Theorem 1.7.

Let b1; : : : ; bn be the n non-zero elements of GF (2n
0

) and let B be the following (n� (1 +
k�1
2 )) matrix over GF (2n

0

)

B :=

2666664
1 b1 b31 � � � bk�21

1 b2 b32 bk�22

1 b3 b33 bk�23
...

...
...

...
...

1 bn b3n bk�2n

3777775 : (1.5)

In coding theory B is well-known as the parity check matrix of binary BCH codes [MS77].

PROPOSITION 1.2 Any k rows of B are linearly independent over GF (2).

Proof Let I � n be the set of indices of any k rows of B. The idea is to extend the
submatrix de�ned by I to a Vandermonde matrix. This is done by inserting columns with
even powers 2 to k � 1. Let �i 2 GF (2), i 2 I be such thatX

i2I
�ib

j
i = 0 for all j 2 f1; 3; : : : ; k � 2g: (1.6)

Let r 2 f2; 4; : : : ; k � 1g. Then we can write r = 2r
0

j with an odd j 2 f1; 3; : : : ; k � 2g. We
have

0 =
�X
i2I

�ib
j
i

�2r0
due to (1.6)

=
X
i2I

�2
r0

i bj�2
r0

i GF (2n
0

) has characteristic 2

=
X
i2I

�ib
r
i since �i 2 f0; 1g:

Hence X
i2I

�ib
j
i = 0 for all j 2 [k � 1]:

As the Vandermonde matrix is non-singular, it follows that �i = 0 for all i 2 I. �
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The additive group of GF (2n
0

) is isomorphic to the vector space
Nn0

i=1GF (2), which has

dimension n0 over GF (2). Hence the elements of GF (2n
0

) (and so the entries in B) can be
represented by 0=1 vectors of length n0, and their componentwise addition is the addition
in GF (2n

0

). Put

l := 1 +
k � 1

2
n0 = 1 +

k � 1

2
log(n+ 1) = O (k log n) : (1.7)

In the following, we will regard B as a (n � l) matrix, where all columns except the �rst
one are expanded to their 0=1 representation. It is clear that Proposition 1.2 still holds for
this expanded version of B.

Let Y1; : : : ; Yl be independent and uniformly distributed. Let Y be the vector Y =
(Y1; : : : ; Yl). De�ne 
 := f0; 1g-valued random variables X1; : : : ; Xn by

Xi := (BY )i for all i 2 [n]; (1.8)

where the computation is done over GF (2). The following theorem was proved by Alon,
Babai, and Itai [ABI86].

THEOREM 1.7 The random variables X1; : : : ; Xn as de�ned in (1.8) are k-wise inde-
pendent and uniformly distributed. The size of the sample space is

O((n+ 1)b
k
2 c):

Proof Choose I � [n] with k0 := jI j � k. Let x 2 
k0 be an arbitrarily chosen but
�xed vector (
 = f0; 1g). Set XI = (Xi)i2I . For k-wise independence we must show
P [XI = x] = 2�k0 . Let BI be the submatrix of B with row indices from I. BI is a (k0 � l)
matrix over GF (2). Because of Proposition 1.2 we can extend BI to an invertible (l � l)
matrix C over GF (2). De�ne


x = fx0 2 
l; x0i = xi for all i 2 [k]g : (1.9)

Then j
x j = 2l�k, and we have (all calculations done in GF (2))

P [XI = x] = P [BIY = x]

= P [CY mod d 2 
x ]

=
X
x02
x

P [CY � x0 = 0]

=
X
x02
x

P [Y = C�1x0 ]

=
X
x02
x

2�l (the Y1; : : : ; Yl are independent)

=
j
x j
2l

=
2l�k0

2l
= 2�k0 :

The random variables Xi constructed in this theorem can be viewed as mappings Xi :
f0; 1gl ! f0; 1g ; ! 7! (B!)i and the sample space corresponding to the X1; : : : ; Xn is

f0; 1gl. According to (1.7) its size is

2l = O((n+ 1)b
k
2 c): �
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In view of the lower bound 
 (nk) for sample spaces of certain k-wise independent random
variables given by Chor, Friedmann, Goldreich, H�astad, Rudich, and Smolensky [CFG+85]
this is best possible up to constants in the exponent. Note that the sample space constructed
by Alon, Babai, and Itai is polynomial only if k is constant. In applications k is often
not constant, but k = O (logc n) with some constant c > 0. Derandomization in such
sample spaces can be done combining O (logc n)-wise random variables with the conditional
probability method. A signi�cant reduction of the size of the sample space was achieved
by Naor and Naor [NN93]. The heart of their construction is the notation of almost k-wise
independent random variables discussed in the next section.

The construction described above can be extended to multivalued random variables. Fix
d 2 N which is a power of 2, and set 
 := f0; : : : ; d� 1g. The aim is to construct k-wise
independent uniformly distributed random variables X1; : : : ; Xn with values in 
 and a
\small" sample space. To this end, use the above construction to �nd N := n log d uniformly
distributed binary random variables X1; : : : ;XN that are (k log d)-wise independent2. These
are interpreted as binary representations of the to construct random variables. For every
i 2 [n] we then put

Xi :=

i log dX
j=(i�1) log(d)+1

Xj2
j�1�(i�1) log d: (1.10)

It can easily be veri�ed that X1; : : : ; Xn are k-wise independent and uniformly distributed
in 
. This is summarized in the following corollary.

COROLLARY 1.1 Let n; d; k 2 N and 
 := f0; : : : ; d� 1g. Uniformly distributed

-valued and k-wise independent random variables X1; : : : ; Xn can be constructed from

l := O (k log d � log(n log d)) (1.11)

binary random variables Y1; : : : ; Yl with a sample space of size

2l = O((1 + n log d)b
k log d

2 c):

Proof We show that the random variables X1; : : : ; Xn de�ned by (1.10) are k-wise inde-
pendent and uniformly distributed. Let I � [n] with jI j � k and x 2 f0; : : : ; d� 1gn. We
only need the values xi for i 2 I, however having x as an n dimensional vector allows easier
notation of the binary representation of its entries, see (1.1). We have

P [8i 2 I : Xi = xi ]

= P [8i 2 I 8j 2 [log d] : Xj+(i�1) log d = xj+(i�1) log d ]

=
Y
i2I

Y
j2[log d]

P [Xj+(i�1) log d = xj+(i�1) log d ] by (k log d)-wise indep.

=
Y
i2I
P [8j 2 [log d] : Xj+(i�1) log d = xj+(i�1) log d ]

(k log d)-wise indep.
implies (log d)-wise indep.

=
Y
i2I
P [Xi = xi ] :

2We slightly abuse notation here, see (1.1).
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To see that X1; : : : ; Xn are uniformly distributed, �x i 2 [n] and let a 2 f0; : : : ; d� 1g. We
see easily that

P [Xi = a] = P

"
i log dX

j=(i�1) log(d)+1

Xj2
j�1�(i�1) log d = a

#
= P [8j 2 [log d] : Xj+(i�1) log d = aj ]

=
Y

j2[log d]
P [Xj+(i�1) log d = aj ]

(k log d)-wise indep.
implies (log d)-wise indep.

=
Y

j2[log d]

1

2
=

1

2log d
=

1

d
: �

In some applications, a uniform distribution is not enough. Instead, one is given prob-
abilities p1; : : : ; pn and the task is to construct random variables X1; : : : ; Xn such that
P [Xj = 1] = pj for all j 2 [n]. This is, in fact, approximately possible.

THEOREM 1.8 (Luby [Lub86])

Given probabilities p1; : : : ; pn one can construct 2-wise independent 0=1 random variables
X1; : : : ; Xn such that

P [Xj = 1] =
bpi � qc
q

for all j 2 [n]:

for a prime number n � q � 2n. The sample space has size q2 = O (n2).

1.2.3 Almost k-Wise Independence.

Almost k-wise independence is an approximate version of equation (1.4). For uniformly
distributed 0=1 random variables it reads as follows:

DEFINITION 1.2 (Almost k-Wise Independence)

Let "; � > 0 and k 2 [n], n 2 N.

(i). X1; : : : ; Xn are ("; k)-independent , if for any r 2 [k], � 2 f0; 1gr and any choice
of indices 1 � i1 < i2 < : : : < ir � n; we have

��P [(Xi1 ; : : : ; Xir ) = �]� 2�r
�� � ":

(ii). X1; : : : ; Xn are �-away from k-wise independence, if for any r 2 [k] and any choice
of indices 1 � i1 < i2 < : : : < ir � n; we have

X
�2f0;1gr

��P [(Xi1 ; : : : ; Xir ) = �]� 2�r
�� � �:
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("; k)-independence measures the deviation from the uniform distribution in the maximum
norm, while De�nition 1.2 (ii) describes statistical closeness to the uniform distribution in
the L1-norm.

("; k)-independent random variables are at most 2k"-away from k-wise independence,
whereas if they are �-away from k-wise independence, they are (�; k)-independent. For a
set S � [n] let XS :=

P
i2S Xi and put X :=

Pn
i=1Xi: The number XS mod 2 is 0 i� XS

is even and 1 else. It can be viewed as the parity of S. If the X1; : : : ; Xn are independent,
and P [Xi = 1] = P [Xi = 0] for all i = 1; : : : ; n; then

P [Xs mod 2 = 1] = P [Xs mod 2 = 0] : (1.12)

An approximative version of (1.12) leads to the concept of "-biased random variables (see
Vazirani [Vaz86], Naor and Naor [NN93] and Peralta [Per90]). The bias of S is

bias(S) :=j P [Xs mod 2 = 0]� P [Xs mod 2 = 1] j : (1.13)

So for independent uniform random variables, bias(S) = 0 according to (1.12).

DEFINITION 1.3 ("-Bias)

(i). X1; : : : ; Xn are "-biased, if bias(S) � " for all S � [n].

(ii). X1; : : : ; Xn are k-wise "-biased, if bias(S) � " for all S � [n], jSj � k.

k-wise "-biased random variables and almost k-wise independence are
closely related. To see this, let D : 
 �! [0; 1] be the probability distribution induced
by the measure P, so D(!) := P [(X1 : : : ; Xn) = !], and let U be the uniform distribution,
i.e., U(!) = 2�n for all ! 2 
: The variation distance kD � Uk between D and U is the
L1-Norm of D � U;

kD � Uk :=
X
!2

jD(!)� U(!)j =

X
!2

jD(!)� 2�nj:

kD�Uk is a measure for the distance of D from the uniform distribution. Let D(S) be the
restriction of D and U(S) the restriction of U to a subset S � [n].

DEFINITION 1.4 X1; : : : ; Xn are k-wise �-dependent , if for all subsets S � [n] with
jSj � k,

kD(S)� U(S)k � �:

Note that if the X1; : : : ; Xn are k-wise �-dependent, then they are �-away from k-wise

independence. Taking the Fourier transform \D � U; Diaconis and Shahashahani [Dia88]
proved

kD � Uk2 = k\D � Uk2 �
X
S�[n]

biasD(S):

This inequality immediately implies a corollary due to U. Vazirani (PhD thesis 1986 [Vaz86],
see also the papers of Vazirani, Vazirani [VV84] and Chor et al. [CFG+85]).

COROLLARY 1.2 If X1; : : : ; Xn are �-biased, then they are k-wise 2
k
2 �-dependent and

(2
k
2 �; k)-independent.
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In conclusion, "-biased random variables for small " > 0 should behave as k-wise inde-
pendent variables. For derandomization the hope is to replace k-wise independence by the
weaker notion of almost k-wise independence and to obtain an even smaller sample space.
Naor and Naor [NN93] proved that "-biased random variables can be constructed with only
\few" random bits:

THEOREM 1.9 (Naor and Naor 1993)

Let " > 0 and n 2 N, k � n.
(i). Uniformly distributed 0=1-valued random variables X1; : : : ; Xn which are "-biased

can be constructed using O
�

log n+ log 1
"

�
random bits. The size of the corre-

sponding sample space is 2
O

 
logn+log 1

"

!
= (n" )c for a constant c > 0.

(ii). Uniformly distributed 0=1-valued random variables X1; : : : ; Xn which

are k-wise "-dependent can be constructed using O
�

log log n+ k + log 1
"

�
ran-

dom bits. The size of the corresponding sample space is
�
2k logn

"

�O(1)
.

The constant c in Theorem 1.9 (i) depends on the expansion rate of an expander graph
and is sligthly larger than 4 for the asymptotically optimal expanders of Lubotzky, Phillips,
and Sarnak [LPS88]. For polynomially large 1

" , i.e., 1
" = O (poly(n)), the size of the sample

space is polynomial in n. In applications of the method of almost k-wise independence one
would like to have k large and " small while the size of the sample space should remain

polynomial. The bound
�
2k logn

"

�O(1)
limits the growth of k, in fact for 1

" = O (poly(n)),

k must be about O
�

log 1
"

�
= O (log n). Seminal papers managed to reduce the size of

sample spaces corresponding to "-biased random variables. (Azar, Motwani, Naor [AMN98],
Even, Goldreich, Luby, Nisan, Veli�vkovi�c [EGL+98] and Alon, Goldreich, H�astad, Peralta
[AGHP92]). Alon, Goldreich, H�astad, and Peralta achieved a size of roughly (n" )2 for "-
biased random variables. In particular, they generate n random variables which are "-away
from k-wise independence with only (2 + o(1))(log log n + k

2 + log k + log 1
" ) random bits.

This beats the bound of Naor & Naor as long as " < 1
k logn . There are two critical aspects

in all of these results.

1. The random variables X1; : : : ; Xn are 0=1-valued and uniform, i.e., P [Xi = 1] =
P [Xi = 0] = 1

2 for all i. In applications, this may not be the case.

2. The usual strategy for derandomization using k-wise independence is to construct
a small sample space a priori and to simulate a randomized algorithm for a
speci�c problem in such a space, if possible. Thus the sample space is choosen
independently of the problem!

Schulman [Sch92] gave an interesting, di�erent approach for problem 2: He observed that
for concrete problems only certain sets of d random variables, so called d-neighborhoods,
among the n random variables need to be independent. Thus the choice of the magnitude
of independence is driven by the problem. Koller and Megiddo [KM94] further developed
Schulmans approach covering also multivalued, non-uniformly distributed random variables.
Koller and Megiddo showed that the sample space of k-wise independent random variables
X1; : : : ; Xn with non-uniform probabilities P [Xi = 1] = pi, i 2 [n] correspond to a sample
space of size at most m(n; k) =

�
n
k

�
+
�
n
k�1
�

+ : : :+
�
n
0

�
: Karlo� and Mansour [KM97] showed



Parallel Algorithms via the Probabilistic Method 1-15

the existence of p1; : : : ; pn such that the size of any k-wise independent 0=1 probability
space over p1; : : : ; pn is at least m(n; k): An interesting connection between small hitting
sets for combinatorial rectangles in high dimension and the construction of small sample
spaces for general multivalued random variables is given in the paper of Linial, Luby, Saks,
and Zuckerman [LLSZ97].

A di�erent approach to the construction of small sample spaces than k-wise independence
was taken by Karger and Koller [KK97]. In Section 1.4 we describe their technique. It will
be used later in Srinivasan's parallel algorithms for packing problems (Section 1.5.2).

Bibliography and Remarks. In probability theory, k-wise independence was already used by
Jo�e [Jof74]. This concept was adapted to combinatorics and the design of algorithms in the
years 1985/86, where the fundamental papers of Karp and Widgerson [KW85] and Luby [Lub86]
on 2-wise independence, the work of Alon, Babai, and Itai on k-wise independence [ABI86] and
the lower bound proof for the size of k-wise independent sample space by Chor et al. [CFG+85]
were published. Derandomization of space bounded computations is treated by Armoni [Arm98]
and Saks [Sak96]. A survey on parallel derandomization techniques is given in the paper of Han
[Han92].

In computational geometry, k-wise independence was applied by Berger et al. [BRS94] and later
by Goodrich [Goo93b, Goo93a, Goo96], and by Amato et al. [AGR94]. For the parallelization
of derandomized geometric algorithms Mulmuley [Mul96] extended earlier work of Karlo� and
Raghavan [KR93] on limiting random resources using bounded independence distributions and
demonstrated that a polylogarithmetric number of random bits su�ces for guaranteeing a good
expected performance of many randomized incremental algorithms.

The method of k-wise independence has been applied successfully to reduce or remove random-
ness from probabilistic constructions and from algorithms in various �elds, like hashing, pseudo-
random generators, one-way functions, circuit and communication complexity and Boolean matrix
multiplication. Many of these aspects are treated in the lecture notes of Luby and Widgerson
[LW95]. Applications to learning algorithms are discussed in [NSS95]. Sitharam and Straney
[SS01] applied derandomization to learn Boolean functions.

Yao [Yao82] introduced the concept of a pseudo-random generator, see also [Nie92]. An excel-
lent book on pseudorandom generators and applications to cryptography (and other areas) are
the lectures of Luby [Lub96]. Blum and Micali [BM84] showed that the problem of constructing
a pseudo-random generator in based on the concept of computational indistinguishability intro-
duced by Goldwasser and Micali [GM84]. Pseudo-random generators have been designed by Karp,
Pippenger, Sipser [KPS88], Ajtai, Komlos, Szemeredi [AKS87], Chor and Goldreich [CG89], Nis-
san [Nis91, Nis92], H�astad, Impagliazzo, Zuckerman [IZ90], Impagliazzo, Levin, Luby [HILL99],
Sipser [Sip88], H�astad, Impagliazzo, Levin, Luby [HILL97] and Impagliazzo, Widgerson [IW97]
and Andreev, Clementi, and Rolim [ACR98], to name some of the researchers.

Santha [San87] showed how to sample with a small number of random points. Feder, Kushilevitz,
and Naor [FKN95] applied almost k-wise independence to amortize the communication complexity.
Application to hashing and Boolean matrix multiplication were discussed by Alon, Galil, Margalit,
Naor [AGMN92], Alon, Galil [AG97], Alon, Naor [AN96] and Naor, Naor [NN93]. Approximation
of DNF via derandomization was carried out by Luby and Velickovic [LV96] and approximate
counting of depth�2 circuits is shown by Luby, Widgerson, and Velickovic [LWV93].

Blum et al. [BEG+94] applied hash functions to authenticate memories. An interesting technique
for deterministic construction of small sample spaces for general multivalued random variables via
the construction of point sequences with a discrepancy or "-net property was introduced by Linial,
Luby, Saks, and Zuckerman [LLSZ97].

1.3 Parallel Algorithms using k-Wise Independence
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In this section we show the algorithmic impact of k-wise independence, in particular its
power for parallelizing algorithms.

1.3.1 Functions over Zk2

For convenience, we formulate the derandomization problem in the following setting. Let
Zk2 denote the k-dimensional vector space over GF (2). We describe a class of functions
F : Zn2 ! Q for which the derandomization problem can be solved in parallel. Let N =
N(n;m; k) be an integer valued function. At the moment we do not assume that N is
polynomially bounded in m and n. Let F be of the form:

F (x1; : : : ; xn) =
NX
i=1

cifi(xi1 ; : : : ; xik) (1.14)

with ci 2 Q and fi(xi1 ; : : : ; xik) = (�1)
Pk

j=1 xij . The so given function [k] ! [n], j 7! ij
will occur in the following.

THEOREM 1.10 Let k; n 2 N, k � n, and X1; : : : ; Xn be k-wise independent uni-
formly distributed 0=1 random variables as in Theorem 1.7. Let F : Zn2 ! Q be a func-
tion as in (1.14). With O (N ) parallel processors we can construct x0 2 f0; 1gn in time
O (k log n logN ) such that F (x0) � E [F (X1; : : : ; Xn)]. The same result holds for the con-
struction of x00 2 f0; 1g such that F (x00) � E [F (X1; : : : ; Xn)].

Proof The proof is based on [BR91]. The random variables X1; : : : ; Xn by de�nition have
the form Xi = (BY )i, where Y = (Y1; : : : ; Yl), the Y1; : : : ; Yl are uniformly distributed 0=1
random variables, l = 1+ k�1

2 log(n+1), B is the (expanded version of the) matrix in (1.5),
which is of dimension (n � l). Therefore it su�ces to give assignments for the Y1; : : : ; Yl.
The conditional probability method then goes as follows:

Suppose that for some t 2 [l] we have computed the assignments

Y1 = y1; : : : ; Yt�1 = yt�1:

Then we choose for Yt the value yt 2 f0; 1g which minimizes the function

w 7! E [F (X1; : : : ; Xn) j Y1 = y1; : : : ; Yt�1 = yt�1; Yt = w] : (1.15)

Obviously, after l steps we get (Y1; : : : ; Yl) = y for some y 2 f0; 1gl. Thus x0 := By is a
solution according to the correctness of the algorithm Condexp in Section 1.2.1. We are
done, if the conditional expectations

E [F (X1; : : : ; Xn) j Y1 = y1; : : : ; Yt�1 = yt�1; Yt = yt ]

can be computed within the claimed processor and time bounds for every t. Fix now t 2 [l].
By linearity of expectation, it is su�cient to compute for each i 2 [N ]

E [fi(Xi1 ; : : : ; Xik) j Y1 = y1; : : : ; Yt�1 = yt�1; Yt = yt ] : (1.16)

Let Bi be the ith row of B and put b :=
Pk
j=1Bij , computed over GF (2). Note that b

is a vector { a sum of rows of matrix B. Because in the exponent of fi, only the parity is
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relevant, we have that fi(Xi1 ; : : : ; Xik) = (�1)b �Y . Let s be the last position in the vector

b which contains a 1. To shorten notation put ~Yt = (Y1; : : : ; Yt) and ~yt = (y1; : : : ; yt). Now

E
�
(�1)b

�Y j ~Yt = ~yt
�

=

8<: (�1)
Ps

j=1 bjyj if t � s

0 if t < s:
(1.17)

(1.17) follows from the following observations. If t < s then

b �Y =
tX

j=1

bjyj| {z }
=:a1

+
sX

j=t+1

bjYj| {z }
=:a2

Hence E [(�1)a1+a2 ] = (�1)a1E [(�1)a2 ] = (�1)a1 � 0, because the Yt+1; : : : ; Ys are inde-
pendent and uniformly distributed. If t � s, then obviously b �Y =

Ps
j=1 bjyj , due to

condition ~Yt = ~yt. Hence, for �x i and t we can compute E [fi j ~Yt = yt ] in constant time.
The total running time is computed as follows: we assign to each fi(Xi1 ; : : : ; Xik) one pro-
cessor, so we have N processors in total. In the tth step, t 2 [l], we can compute the sumPN
i=1 E [fi j ~Yt = yt ] in O (logN ) time using N parallel processors. Summing up over the l

steps we get a total running time of O (l logN ). �

Theorem 1.10 gives a parallel derandomized algorithm, provided N(n;m; k) is polynomi-
ally bounded in n and m. Its extension to uniformly distributed multivalued variables is
presented in the next section.

1.3.2 Multivalued Functions

We will again make use of k-wise independent random variables X1; : : : ; Xn constructed
via the matrix B, but this time with values in 
 := f0; : : : ; d� 1g. For the conditional
probability method to apply, we need to compute conditional probabilities for subsets of
the X1; : : : ; Xn. We �rst show that this can be done e�ciently.

PROPOSITION 1.3 Let Y1; : : : ; Yl, the matrix B, and X1; : : : ; Xn be as in Section 1.2.2.
For every t 2 [l] denote ~Yt := (Y1; : : : ; Yt). Now �x t 2 [l] and a vector y 2 f0; 1gt, as well

as s 2 [n] and a vector x 2 f0; 1gjIj, I � [n], and set B̂ := BI . Let B̂1 be the �rst t columns
of B̂ and B̂2 the last l � t ones. Then

P [XI = x j ~Yt = y] =

(
2� rank B̂2 if x� B̂1y 2 range B̂2

0 else:

This value can be computed using O (n) parallel processors in O (l3 log n) time. A similar
result extends to f0; : : : ; d� 1g-valued random variables, d a power of 2, with l = O(k log d �
log(n log d)).

Proof Because Y1; : : : ; Yl are independent, we have

P [XI = x j ~Yt = y] = P [B̂Y = x j ~Yt = y]

= P [B̂1y + B̂2(Yt+1; : : : ; Yl) = x] = P [B̂2(Yt+1; : : : ; Yl) = x� B̂1y] :
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We have l � t = dim ker B̂2 + dim range B̂2, hence dim ker B̂2 = l � t � dim range B̂2. The
case of x 62 range B̂2 is clear. If x 2 range B̂2, then the set of all preimages is a subspace of

dimension dim ker B̂2. Because the �eld has two elements, there are 2dimker B̂2 preimages of
x. On the other hand, there are 2l�t possible settings for the Yt+1; : : : ; Yl, and so the claim
follows:

P [B̂2(Yt+1; : : : ; Yl) = x� B̂1y] =
2dimker B̂2

2l�t
= 2l�t�dim range B̂2�(l�t) = 2� dim range B̂2 :

It is possible to compute dim range B̂2 = rank B̂2 within the stated processor and time
bounds by a simple devide-and-conquer application of Gauss elimination. The same can be
used for testing x� B̂1y 2 range B̂2.

For the extention to f0; : : : ; d� 1g-valued random variables, use Corollary 1.1. �

Now we consider a more general class of functions than in the previous section. They are
of a type later used in packing integer programs, Section 1.5.1. We give a NC algorithm
for �nding points below or above the expectation. Let d; k;m; n 2 N and for each (i; z; j) 2
[m]�
� [n] let gizj : R! R such that for every r 2 R, the value gizj(r) can be computed
on a single processor in constant time. For each (i; z) 2 [m]� 
 de�ne the functions

fiz : 
n ! R; (x1; : : : ; xn) 7!
nX
j=1

gizj(xj);

and �nally put them together

F : 
n ! R; (x1; : : : ; xn) 7!
X

(i;z)2[m]�

(fiz(x1; : : : ; xn))

k
:

THEOREM 1.11 Let d; k;m; n 2 N, d � 2 a power of 2, and N := mdnk. Let
X1; : : : ; Xn be k-wise independent random variables with values in 
 = f0; : : : ; d� 1g as
de�ned in Corollary 1.1 and let the gizj, fiz, and F as above. Then with O (max fndk; Ng)
parallel processors we can construct x1; : : : ; xn 2 
 and y1; : : : ; yn 2 
 in time

O (log(n log d) � (k4 log4 d log3(n log d) log n+ k log d logN))

such that F (x1; : : : ; xn) � E [F (X1; : : : ; Xn)], resp. F (y1; : : : ; yn) � E [F (X1; : : : ; Xn)].

Proof We prove the �rst assertion as the second follows from it. Fix (i; z) 2 [m]� 
 for

a moment. We write the kth power of fiz in a di�erent way. For every multiindex � 2 [n]
k

and (x1; : : : ; xk) 2 
k de�ne

f (iz)
� (x1; : : : ; xk) :=

kY
j=1

giz�j (xj);

and observe that this function depends on k variables only. It can be evaluated with k
processors in O (log k) time. It is easy to see that for all x = (x1; : : : ; xn) 2 
n we have,

recalling that x� = (x�1 ; : : : ; x�k), fiz(x1; : : : ; xn) =
P
�2[n]k f

(iz)
� (x�), and so

F (x1; : : : ; xn) =
X

(i;z)2[m]�


X
�2[n]k

f (iz)
� (x�):
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By construction of the X1; : : : ; Xn, it su�ces to give an assignment to 0=1 random vari-
ables Y1; : : : ; Yl with l = O (k log d � log(n log d)), see Corollary 1.1 and the discussion pre-
ceding it. The conditional probability method then goes as follows: Suppose that for some
t 2 [l] we have computed the the values

Y1 = y1; : : : ; Yt�1 = yt�1;

then choose for Yt a value yt 2 
 which maximizes the function

w 7! E [F (X1; : : : ; Xn) j y1; : : : ; yt�1; Yt = w] : (1.18)

After l steps we have Y = y with some y 2 f0; 1gl and the solution can be computed from

it by (1.10) and (1.8). Let ~Yt = (Y1; : : : ; Yt) and ~yt = (y1; : : : ; yt). We are done, if we can
compute the conditional expectations

E [F (X1; : : : ; Xn) j ~Yt = ~yt ]

within the claimed processor and time bound. By linearity of expectation, it is su�cient to
compute for each triple (i; z; �) 2 [m]� 
� [n]

k
the conditional expectation

E [f (iz)
� (X�) j ~Yt = ~yt ] :

To this end, write

E [f (iz)
� (X�) j ~Yt = ~yt ] =

X
x2
k

f (iz)
� (x)P [X� = x j ~Yt = ~yt ]

=
X
x2
k

f (iz)
� (x)P [X� = x j ~Yt = ~yt ] :

According to Proposition 1.3, for a �xed x 2 
k, the conditional probability can be com-
puted using O (n) processors in time O (l3). Since we have dk such vectors x, and each

f
(iz)
� (x) uses k processors and O (log k) time, we can compute E [f

(iz)
� (X�) j ~Yt = ~yt ] for

every t 2 [l] and (i; z; �) 2 [m]�
� [n]
k

with O (dk(k + n)) = O (ndk) parallel processors
(recall d � 2) in O (l3 log n+ log dk + log k) = O (l3 log n+ k log d) time. Then we compute
for every yt, t 2 [l], the expectation

E [F (X1; : : : ; Xn) j ~Yt = ~yt ]

in O (logN ) time using O (N ) parallel processors. Finally, a yt 2 
 which maximizes (1.18)
can be computed �nding the maximum of the d conditional expectations in O (log d) time
with O (d) processors. The maximum number of processors used is O (max fndk; Ng) and
the total running time over all l steps is

O (l � (l3 log n+ k log d+ logN + log d))

= O (log(n log d) � (k4 log4 d log3(n log d) log n+ k2 log2 d+ k log d logN + k log2 d))

= O (log(n log d) � (k4 log4 d log3(n log d) log n+ k log d logN)) : �

1.3.3 Maximal Independent Sets in Graphs

We start with the celebrated parallel algorithm of Luby computing a maximal independent
set in graphs. Historically, it was the �rst striking application of limited dependence to the
design of a NC algorithm.
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We consider a graph G = (V;E) with V = [n] and jE j = m. A subset I of vertices is called
independent, if the induced subgraph on I contains no edges. A maximal independent set
(MIS) has the additional property that adding an arbitrary vertex destroys independence.
The following simple algorithm computes the lexicographically �rst maximal independent
set in linear time.

Algorithm 3: LFMIS

Input: A Graph G = (V;E).
Output: A maximal independent set I � V .

I  ;;
for i 1 to n do

I  I [ fig;
V  V n (fig [N(i));

end

Cook [Coo85] proved that deciding whether a vertex belongs to the lexicographically �rst
maximal independent set is logspace-complete in P. Thus there is no hope to parallelize
LFMIS. Yet, the MIS problem is not inherently sequential. We will present a parallel
randomized algorithm of Luby [Lub86] with expected running-time O (log2 n) on O (n+m)
processors. Removing the randomness by means of searching a small sample space will reveal
that O (n2m) processors can solve MIS in O (log2 n) time. The key idea is to successively
add to the MIS under construction not just a single vertex i but an independent set S that
is computed in parallel.

Algorithm 4: ParallelMIS (High Level)

Input: A Graph G = (V;E).
Output: A maximal independent set I � V .

I  ;;1

while V 6= ; do2

select an independent set S � V ;3

I  I [ S;4

V  V n (S [N(S));5

end6

The high level description makes clear that ParallelMIS terminates with a maximal
independent set I. The parallelization is hidden in the selection of S. Luby analyzed the
following randomized selection procedure.
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Algorithm 5: ParallelMIS (Details of the selection step)

Input: A Graph G = (V;E).
Output: An independent set S � V .

in parallel forall i 2 V do1

if deg(i) = 0 then mark i;2

else mark i with probability 1
2�deg(i) ;3

end4

in parallel forall fi; jg 2 E do5

if both i and j are marked then unmark the vertex with smaller degree;6

end7

S  ;;8

in parallel forall i 2 V do9

if i is marked then S  S [ fig;10

end11

One can show that each iteration of ParallelMIS can be implemented to run in O(log n)
time on an EREW PRAM with O(n + m) processors. We will prove that the algorithm
terminates after an expected total number of O(log n) iterations, since a constant fraction
of edges are expected to get removed in each update step in line 5 in Algorithm 4. We call
a vertex i 2 V good if the degree of at least 1

3 of its neighbors is at most deg(i) and bad
otherwise. Now consider an arbitrary iteration.

LEMMA 1.1 Let i 2 V be a good vertex. The probability that i 2 N(S) is at least

(a)
1�exp(� 1

6 )

2 if the random choices in line 3 in Algorithm 5 are completely indepen-
dent,

(b) 1
24 if the random choices are only pairwise independent.

Proof Observe that if a vertex j is marked, then it is selected into S with probability at
least 1� P [9 marked k 2 N(j) with deg(k) � deg(j)] � 1�Pk2N(j)

1
2 deg(j) = 1

2 .

(a) Since the vertex i is good, it has at least deg(i)
3 neighbors with degree at most deg(i).

Due to complete independence, the probability that none of these is marked is at most�
1� 1

2 deg(i)

� deg(i)
3 � exp(� 1

6 ). Hence, with probability at least
1�exp(� 1

6 )

2 a neighbor of i

is selected into S, which means that i is in N(S).

(b) Let Xj be the event that j 2 N(i) is marked in line 3, and let Yj be the event that

j 2 N(i) is selected into S. Since P [Yj ] � P[Xj]
2 and Yj � Xj we have by the principle of

inclusion-exclusion that the probability for i 2 N(S) is

P
� [
j2N(i)

Yj
� � X

j2N(i)

P [Yj ]�
X

j 6=k2N(i)

P [Yj \ Yk ]

� 1

2

X
j2N(i)

P [Xj ]�
X

j 6=k2N(i)

P [Xj \Xk ]

� 1

2

0B@ X
j2N(i)

P [Xj ]�
0@ X
j2N(i)

P [Xj ]

1A2
1CA
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=
1

2

0@ X
j2N(i)

P [Xj ]

1A0@1�
X

j2N(i)

P [Xj ]

1A :

Since i is a good vertex, X
j2N(i)

P [Xj ] � deg(i)

3
� 1

2 deg(i)
=

1

6
;

and assuming that
P
j2N(i) P [Xj ] � 1

2
3 we get P

�S
j2N(i) Yj

� � 1
24 as claimed. �

We call an edge good, if at least one of its endpoints is good.

LEMMA 1.2 In each iteration at least half of the edges are good.

Proof We direct the edges of the graph such that (i; j) 2 E implies deg(i) � deg(j). Let
Vg and Vb denote the sets of good and bad vertices, respectively, and let E(X;Y ) abbreviate
the cardinality of the set of edges from E \ (X � Y ). Let deg�(i) be the in-degree of a
vertex i, i.e., the number of edges incident with i and pointing to i. Let deg+(i) be the
out-degree of a vertex i, i.e., the number of edges incident with i and pointing away from i.
Using the fact that for every bad vertex i, 2 deg�(i) � deg+(i) we get that

2E(Vb; Vb) + E(Vb; Vg) + E(Vg; Vb) =
X
i2Vb

(deg+(i) + deg�(i))

� 3
X
i2Vb

(deg+(i)� deg�(i)) = 3
X
i2Vg

(deg�(i)� deg+(i))

= 3(E(Vb; Vg)� E(Vg; Vb)) � 3(E(Vb; Vg) + E(Vg; Vb)):

This gives E(Vb; Vb) � E(Vb; Vg) + E(Vg; Vb), implying that the number of bad edges is at
most the number of good edges, so that at least half of the edges are good. �

Since an endpoint of a good edge is in N(S) with probability at least 1
24 , we can conclude

that a fraction of at least 1
48 edges are expected to be deleted in each iteration. Hence the

algorithm terminates after O(log n) iterations. Since only pairwise independence is needed,
we can derandomize the algorithm by exhaustively searching a sample space of size O(n2),
see Theorem 1.8. Thus we get a deterministic algorithm for solving MIS in time O(log2 n)
with O(n2m) processors. Goldberg and Spencer [GS89a] have shown that the number of

processors can be reduced to O
�
n+m
logn

�
on cost of an increased running-time of O(log3 n).

Bibliography and Remarks. Karp, Upfal, and Wigderson [KUW88] developed a randomized
algorithm for �nding a maximal independent set in an independence system. Their algorithm
can be adapted to compute a MIS in a general hypergraph in time O(

p
n(logn + logm)) on

O(m � n) processors. Faster parallel algorithms have been described by Goldberg and T. Spencer
[GS89b], [GS89a]. Dahlhaus and Karpi�nski [DK89], and, independently, Kelsen [DKK92a] have
given e�cient NC algorithms for computing MIS in 3-uniform hypergraphs (journal version in

3Otherwise can choose an appropriate subset of neighbors s.t.
P

P [Xj ] �
1

2
and get P

�S
Yj
�
� 1

8
.
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[DKK92b]). Beame and Luby [BL90] studied the MIS problem for hypergraphs where the size of
each edge is bounded by a �xed absolute constant c. They presented a generalized version of the
randomized ParallelMIS-algorithm running on O(n+c) processors with running time polynomial
in log(n+ c), as veri�ed by Kelsen [Kel92]. They also gave a similar algorithm for the general case
of k-uniform hypergraphs, and on O(n �m) processors conjectured a running-time polynomial in
log(n+m).  Luczak and Szyma�nska [ LS97] observed that a linear hypergraph, i.e., a hypergraph in
which each pair of edges has at most one vertex in common, contains a large subhypergraph without
vertices of large degree. They proved that the randomized algorithm of Beame and Luby �nds a
maximal independent set in a linear hypergraph in polylogarithmic expected running-time if a
preprocessing step is added to make the algorithm perform on such an \equitable" subhypergraph.
A derandomized version of their result has been given in the PhD thesis of Edita Szyma�nska [Szy98].

1.3.4 Low Discrepancy Colorings

One root for derandomization certainly is the application of the probabilistic method to
combinatorial discrepancy theory. Combinatorial discrepancy theory deals with the problem
of partitioning the vertices of a hypergraph such that all hyperedges are split into about
equal parts by the partition classes. Discrepancy measures the deviation of an optimal
partition from an ideal one, that is one where all edges contain the same number of vertices
in any partition class. An introduction to combinatorial discrepancy theory is given in the
book of Alon, Spencer, and Erd}os [ASE92] and the survey article of Beck and S�os [BS95].
Excellent sources covering many aspects (and proofs) of combinatorial, geometric as well
as classical discrepancy theory are the books of Matou�sek [Mat99] and Chazelle [Cha00]
for the connection of derandomization and discrepancy theory. For an extension of 2-color
discrepancy theory to c colors see Doerr and Srivastav [DS99, DS03].

Let H = (V; E) be a hypergraph, E = fE1; : : : ; Emg, and let � : V ! f�1;+1g be a
function. Identifying �1 and +1 with colors, say red and blue, � is a 2-coloring of V .
The sets ��1(�1) and ��1(+1) build the partition of V induced by �. The imbalance of a
hyperedge E 2 E with respect to � can be expressed by

�(E) :=
X
x2E

�(x): (1.19)

The discrepancy of H with respect to � is

disc(H; �) := max
E2E
j�(E)j ; (1.20)

and the discrepancy of H is

disc(H) := min
�:V!f�1;+1g

disc(H; �): (1.21)

THEOREM 1.12 (Spencer 1987)

A 2-coloring of V with

disc(�) �
p

2n log(4m)

can be constructed in O (mn2 log(mn)) time.

Proof Put � :=
p

2n log(4m): Let �1; : : : ; �n be independent random variables de�ned
by P [�j = +1] = P [�j = �1] = 1

2 for all j. The vector � = (�1; : : : ; �n) is a random
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2-coloring of V . For each i 2 [m] let Fi be the event \j�(Ei)j � �". From Hoe�ding's
inequality (Theorem 1.4) we infer P [F ci ] � 1

2m , thus

P

� m[
i=1

F ci

�
� 1

2
;

and a coloring with discrepancy at most � exists. With the algorithmic version of the
Cherno�-Hoe�ding inequality [SS96] it can be constructed in O (mn2 log(mn)) time. �

The original proof of Spencer is done with the hyperbolic cosine algorithm instead of the
algorithmic Cherno�-Hoe�ding bound. It is known that the discrepancy bound O(

p
n lnm)

is not optimal. The celebrated \six-standard-deviation" theorem of Spencer [Spe85] proves
the existence of a 2-coloring with discrepancy at most 6

p
n (for m = n). In general, the

bound O (
p
n) for discrepancy is optimal up to a constant factor, since the discrepancy of

the set system induced by an (n�n) Hadamard matrix is at least 1
2

p
n (see [ASE92]). It is a

challenging open problem to give a randomized or deterministic polynomial-time algorithm
that �nds such a coloring. The main hinderance to the transformation of this existence
result into an algorithm is the use of the pigeonhole principle in the proof.

We proceed to the parallelization of the discrepancy algorithm in Theorem 1.12. Berger,
Rompel [BR91] and Motwani, Naor, Naor [MNN94] in 1989 presented the �rst parallel
algorithm for this problem. The key for the success of their approach is the computation of
kth moments of the discrepancy function over a k-wise independent distribution.

De�ne �i := max fjEi j ; 3g for each i 2 [m]. Let A = (aij) be the hyperedge-vertex
incidence matrix of H. Let X1; : : : ; Xn be �1=1 random variables with P [Xj = +1] =
P [Xj = �1] = 1

2 and set

 i :=
nX
j=1

aijXj for each i 2 [m], and �0 := min
i2[m]

�i (� 3); � := max
i2[m]

�i:

In the following, we will always assume that all hyperedges have cardinality at least 3 (and
so jEi j = �i and each  i is the sum of �i random variables). The established bounds will
also hold in the general case, however, because they are always at least 2, which is an upper
bound on the discrepancy of hyperedges of cardinality 1 and 2 regardless of the coloring.

For all i 2 [m] let ki be a non-negative integer and put

k := max
i2[m]

ki: (1.22)

We assume that the X1; : : : ; Xn are k-wise independent. For every multiindex � 2 [n]
ki ; � =

(�1; : : : ; �ki), we de�ne

ai� :=

kiY
l=1

ai�l and �� :=

kiY
l=1

X�l :

We consider the kith powers  kii , i 2 [m]. Let Eindep [ ki ] be the expectation under the
assumption of (completely) independent random variables X1; : : : ; Xn.

LEMMA 1.3 E [ kii ] � 2(ki�i)
ki
2 for all i 2 [m].



Parallel Algorithms via the Probabilistic Method 1-25

Proof We have  kii =
P
�2[n]ki ai���, hence E [ kii ] = Eindep [ kii ], because there occur

only ki � k random variables in each summand and the expectation is linear. So we may
apply Theorem 1.4 to get

E [ kii ] = Eindep [ kii ] =

Z 1

0

Pindep [j i jki � x] dx

=

Z 1

0

Pindep
�j i j � x 1

ki

�
dx

�
Z 1

0

2 � exp

 
� x

2
ki

2�i

!
dx by Theorem 1.4

= 2(
ki
2

)!(2�i)
ki
2

� 2(ki�i)
ki
2 : �

Let 0 < " < 1 be a �xed parameter. For each i 2 [m] let �i >
1
" be such that

ki :=
�i log(2m)

log �i
(1.23)

is the smallest even integer with ki 2
nl

log(2m)
" log�i

m
;
l
log(2m)
" log�i

m
+ 1; log(2m)

" log�i
+ 2
o

. De�ne

bounds for the discrepancies of each hyperedge Ei

�i := �
1
2+"
i

s
�i log(2m)

log �i
: (1.24)

Note that because �i � 3, we have log �i > 1.

LEMMA 1.4 For all i 2 [m] we have

P

"
j i j � �

1
2+"
i

s
log(2m)

" log �i
+ 2

#
� P [j i j � �i ] � E [ kii ]

�kii
<

1

m
:

Hence, with positive probability j i j � �i � �
1
2+"
i

q
log(2m)
" log�i

+ 2 for all i 2 [m].

Proof We �x an arbitrary i 2 [m]. The �rst inequality is trivial. The kith moment
inequality [Fel67] gives

P [j i j � �i ] � E [j i jki ]
�kii

=
E [ kii ]

�kii

� 2(ki�i)
ki
2

�kii
by Lemma 1.3: (1.25)

The term in (1.25) is

2
� ki�i

�2i

� ki
2

= 2
� 1

�2"
i

� ki
2
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= 2 � 2�2" log�i�i log(2m)=(2 log�i)

= 2 � 2��i" log(2m)

< 2 � 2� log(2m) =
1

m
since �i >

1

"
.

The �nal assertion now follows with the union-bound. �

COROLLARY 1.3 If k := maxi2[m] ki � log(2m), then for any i 2 [m], we have " �
1
�i
� 1

log�i
, and with positive probability

j�(Ei)j = j i j � �
1
2+"
i

p
log(2m) + 2 � �

1
2+"
p

log(2m) + 2;

holds for all i 2 [m], hence disc(H; �) � �
1
2+"
p

log(2m) + 2.

Proof The assumption k � log(2m) gives �i � log �i, so " � 1
�i
� 1

log�i
, and further

(" log �i)
�1 � 1 and �i

log�i
� 1, thus �i � �

1
2+"
i

p
log(2m) + 2 for all i 2 [m]. The union-

bound together with Lemma 1.4 implies the assertion of the corollary.

REMARK 1.2 Note that the discrepancy bound �
1
2+"
p

log(2m) + 2 in Corollary 1.3
holds only for all i if " is su�ciently large, i.e., " � 1

log�0
. We can also take a di�erent point

of view: �rst we can assume �i � log(2m) for all i. Otherwise, the discrepancy bounds

in Corollary 1.3 become �
1
2+"
i

p
log(2m) + 2 < �i, which is a trivial bound. So, the lower

bound condition for " now says " � 1
log log(2m) , which is certainly true for large enough m

provided that " is �x. Thus, Corollary 1.3 is true for any " > 0 and hypergraphs where

2m � 22
1
" .

The following theorem in a similar version is due to Motwani, Naor, Naor [MNN94].
Here we compute the exact processor and time bounds and give a compact proof using the
derandomization stated in Theorem 1.10.

THEOREM 1.13

Let H = (V; E) be a hypergraph with jV j = n, jE j = m. Let 0 < " < 1 �x and ki for each
i 2 [m] as in (1.23), k = maxi2[m] ki.

(i). Using k-wise independence, a 2-coloring � of H with j�(Ei)j � �
1
2+"
i

q
log(2m)
" log�i

+ 2

can be constructed with O (n2m1+ 1
" ) processors in time O

�
1

"2 log�0
log2 n log2m

�
.

(ii). If k � log(2m), then " � 1
�i
� 1

log�i
and the discrepancy bounds reduce to

�
1
2+"
i

p
log(2m) + 2.

Proof (ii) is an immediate consequence of (i) and Corollary 1.3. To prove (i), we in-
voke Theorem 1.10. Since we need 0=1 random variables, we introduce k-wise independent
Z1; : : : ; Zn, think of each Xj as Xj = (�1)Zj and regard  i as a function of the Z1; : : : ; Zn,

 i(Z1; : : : ; Zn) =
Pn
j=1 aijXj(Zj) =

Pn
j=1 aij(�1)Zj . For every multiindex � 2 [n]

ki ,
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� = (�1; : : : ; �ki), we have ��(Z1; : : : ; Zn) = (�1)
Pki

j=1 Z�j . Therefore

mX
i=1

��kii  kii (Z1; : : : ; Zn) =
mX
i=1

��kii

X
�2[n]ki

ai���(Z1; : : : ; Zn)

=
mX
i=1

��kii

X
�2[n]ki

ai�(�1)
Pki

j=1 Z�j

=: F (Z1; : : : ; Zn):

(1.26)

The function F has the form as in Theorem 1.10. For �xed i, the number of non-zero terms
in the sum X

�2[n]ki
ai�(�1)

Pki
j=1 Z�j

is at most �ki
i � �

log(2m)
" log �i

+2

i = (2m)
1
" �2

i = O (m
1
"n2). The number N = N(n;m; k)

of terms in (1.26) thus is at most N = m � maxi2[m] �
ki
i = O (n2m1+ 1

" ). By Theo-

rem 1.10 we can construct y 2 f0; 1gn using O (N ) = O (n2m1+ 1
" ) parallel processors

in O (k log n logN ) = O
�
k log n � (log n+ 1

" logm)
�

= O
�

1
"2 log�0

log2 n log2m
�

time such

that F (y) � E [F (X1; : : : ; Xn)]. The vector x = (x1; : : : ; xn), where xi = (�1)yi , de�nes a
2-coloring �.

Let Ai be the event that j i j � �i, for i 2 [m]. Then A :=
S
i2[m]Ai is the event that

there exists some i such that Ai holds. We �x an arbitrary i. According to Lemma 1.4, the
kith moment inequality, which in fact is the Markov inequality, states that

P [Ai ] = P [j i j � �i ] � ��kii E [ kii ] : (1.27)

Let t 2 [l], ~yt 2 f0; 1gt and with ~Yt = (Y1; : : : ; Yt) consider the event ~Yt = ~yt. It is easily

checked that (1.27) is also true conditioned on ~Yt = ~yt:

P [Ai j ~Yt = ~yt ] = P [j i j � �i j ~Yt = ~yt ] � ��kii E [ kii j ~Yt = ~yt ] : (1.28)

Then

P [A j ~Yt = ~yt ] �
mX
i=1

��kii E [ kii j ~Yt = ~yt ] = E [F (Z1; : : : ; Zn) j ~Yt = ~yt ] :

Hence
P [A j Y = y] � E [F (Z1; : : : ; Zn) j Y = y] = F (y): (1.29)

Since by Lemma 1.4, E [F (Z1; : : : ; Zn)] < 1, (1.29) and F (y) � E [F (Z1; : : : ; Zn)] yield
P [A j Y = y] < 1, so P [A j Y = y] = 0, because P [A j Y = y] 2 f0; 1g. In other words, the
2-coloring de�ned by y has the claimed discrepancy j�(Ei)j � �i for all i 2 [m]. �

Bibliography and Remarks. Beck and Fiala [BF81] showed for a general hypergraph H that
disc(H) � 2 deg(H): A long-standing conjecture of great interest is whether a bound of O(

p
deg(H))

is valid. Beck [Bec81] showed for any hypergraph H of degree t, disc(H) = O(
p
t ln t lnn): Srini-

vasan [Sri97] improved the bound of Beck to O(
p
t lnn) and gave better bounds for the lattice

approximation problem (see Beck and Fiala [BF81] and Raghavan [Rag88] for bounds derived with
Cherno�-Hoe�ding type inequalities). The best known bound O(

p
t logn) is due to Banaszczyk

[Ban98].
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Combinatorial Discrepancies in more than two colors were introduced by Doerr and Srivas-
tav [DS99, DS01, DS03]. They show that most of the important results for two colors hold also in
arbitrary numbers of colors. The c-color discrepancy, c � 2, of a hypergraph on n points with n

hyperedges is at most O(
p

n
c

ln c), and there are examples of hypergraphs with c-color discrepancy

at least 


�p
n
c

�
. Parallel algorithms for the computation of multicolorings with low discrepancy

are not known, but we are con�dent that this should be possible. They also observed (see also
Doerr [Doe02b]) that there are hypergraphs having very di�erent discrepancies in di�erent num-
bers of colors. A deep result of Doerr [Doe02a, Doe04] shows that this dichotomy is structurally
inherent. Further insight was given by Doerr, Gnewuch, and Hebbinghaus [DGH06] and recently
Doerr and Fouz [DF06]. One particular application of multi-color discrepancies is the declustering
problem in computer science, which can be modelled as a discrepancy problem of the hypergraph
of rectangles in the higher-dimensional grid. Doerr, Hebbinghaus, and Werth [DHW04] give some
of the current best results in this direction.

Among hypergraphs of special interest is the hypergraph of arithmetic progressions, where [N ]
is the node set and all arithmetic progressions in [N ] are the hyperedges. For the hypergraph

AP of arithmetric progressions in the �rst N integers Roth [Rot64] proved disc(AP ) � cN
1
4 . In

1994, Matou�sek and Spencer [MS96] showed disc(AP ) � c
0
N

1
4 , resolving the problem (c, c0 > 0 are

constants). For the hypergraph of cartesian products of arithmetric progressions APd in [N ]d Doerr,

Srivastav, and Wehr [DSW04] proved disc(AP d) = �(N
d
4 ), with constants depending only on d.

For extension of these results to multicolor discrepancy we refer to Doerr, Srivastav [DS03]. For the
hypergraph of arithmetic progressions over [N ] the c-color discrepancy is at most O(c�0:16 4

p
N),

and is at least O(c�0:5 4
p
N). Another problem dealing with cartesian products was studied by

Matou�sek [Mat00], who proved { answering a question of Beck and Chen { that the discrepancy of

the family of cartesian products of circular discs in the plane in R4 is O(n
1
4
+") for an arbitrarily

small constant " > 0, thus it is essentially the same as for circular discs in the plane. But all

these results lack for e�cient parallel algorithms!

A breakthrough for 2-coloring uniform hypergraphs was achieved by Beck in 1991 [Bec91] via
the Lov�asz-Local-Lemma. Alon [Alo91], using Beck's idea, gave a probabilistic algorithm and
derandomized it with the method of almost k-wise independence for hypergraphs of degree at most
2

n
500 .

The lattice approximation problem is stated as follows:

Lattice Approximation Problem

Input: An (m� n) matrix A = (aij), aij 2 [0; 1] for all entries, vector p 2 [0; 1]n.

Task: Find a vector q 2 f0; 1gn such that kAp�Aqk1 is minimum.

We call it half lattice approximation problem or vector balancing problem if all entries
of p are 1

2 . For convenience we de�ne c := Ap. The construction of an NC algorithm for
the lattice approximation problem in [MNN94] uses the NC algorithm for the discrepancy
problem. In the �rst step we consider the half lattice approximation problem and then
generalize with a bit-by-bit rounding technique.

All our algorithms make use of the binary representation of the entries in A and p. It
is necessary to limit the precision, so that we have a binary representation with a known
number of bits. We assume that each aij and each pj , i 2 [m], j 2 [n] has binary encoding
length L0 = L+1. If A0 = (a0ij) is the matrix where each a0ij denotes the entry aij truncated
o� to L + 1 bits of precision, and p0 is the truncated version of p, it is straightforward to
see that

max fkAp�A0p0k1; kA0q �Aqk1g � 2n2�L
0

= n2�L: (1.30)

Hence to push this error below some � > 0, it is su�cient to choose L =
l

log(n 1
� )
m
. As
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long as we are only interested in bounds of the kind kAp � Aqk1 = O (f(m;n; ")), it is
su�cient to choose L = � (log n), because then

max fkAp�A0p0k1; kA0q �Aqk1g = O (1) :

Thus, in the following we may indeed assume that

aij =
LX
k=0

2�k bitk(aij ) and pj =
LX
k=0

2�k bitk(pj ) for all i 2 [m] and j 2 [n],

knowing that L can be chosen logarithmic in n=� or just in n, depending on the application,
to achieve useful approximations.

(a) Half Lattice Approximation

Let A, p be an instance of the half lattice approximation problem. We show its equivalence
to a discrepancy problem. Let B be the ((L0m) � n) matrix over f0; 1g drawn from A by
replacing each aij by the 0=1 vector4 (bit0(aij ) ; : : : ;bitL(aij )). We denote by HA = (V; E)
the hypergraph on jV j = n nodes and jE j = L0m hyperedges E1; : : : ; EL0m whose hyperedge-
vertex incidence matrix is B. Let � : V ! f�1; 1g be a 2-coloring of HA and q 2 f0; 1gn
be the vector with entries qj = 1+�(j)

2 , j 2 [n]. (Hence, q is a 0=1 representation of the
coloring �.)

To shorten notations, de�ne

h := h(m;L0;�0; ") :=
log(2L0m)

" log �0
+ 2; (1.31)

which is part of the discrepancy bound of Theorem 1.13 for the given hypergraph HA.

THEOREM 1.14 Let 0 < " � 1
3 and as before let �0 = mini2[m] �i, where �i =

max fjEij ; 3g.

(i). If for all E 2 E, j�(E)j � jE j 12+"
q

log(2L0m)
" logjEj + 2, then for all i 2 [m]:

j(Ap�Aq)ij = O
�
c
1
2+"
i

p
h
�
:

(ii). There is a parallel algorithm for the half lattice approximation problem using at

most O (n2(L0m)1+
1
" ) processors and running in O

�
1

"2 log�0
log2 n log2(L0m)

�
time, achieving the approximation guarantee stated above.

4Note about our notation: This is not something like \ ~bitl(aij )".
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Proof (i). With Q1 := fj; qj = 1g we have

j(Bq �Bp)i j =
���jEi \Q1 j � jEi j

2

���
=

1

2
j�(Ei)j

� 1

2
jEi j

1
2+"

s
log(2L0m)

" log �i
+ 2 by assumption

� 1

2
jEi j

1
2+"
p
h:

(1.32)

Now, for i 2 [m]:

ci =
nX
j=1

1

2
aij =

LX
k=0

2�k
nX
j=1

1

2
bitk(aij )

=
LX
k=0

2�k(Bp)(i�1)L+k

=
LX
k=0

2�k
1

2
jE(i�1)L+kj;

(1.33)

and

j(Ap�Aq)i j =
���� nX
j=1

1

2
aij �

nX
j=1

aijqj

����
=

�����
nX
j=1

1

2

LX
k=0

2�k bitk(aij )�
nX
j=1

LX
k=0

2�k bitk(aij ) qj

�����
=

�����
LX
k=0

2�k
� nX
j=1

1

2
bitk(aij )�

nX
j=1

bitk(aij ) qj

������
=

�����
LX
k=0

2�k(Bp�Bq)(i�1)L+k
�����

=
LX
k=0

2�k�1 jE(i�1)L+k j
1
2+"
p
h by (1.32)

=
p
h

LX
k=0

2(k+1)("� 1
2 ) (2�k�1 jE(i�1)L+k j| {z }

�ci by (1.33)

)
1
2+"

= O
�
c
1
2+"
i

p
h
�
;

as " � 1
3 and so the geometric sum

PL
k=0 2(k+1)("� 1

2 ) is O (1).

(ii). The construction of B can be done with O (L0mn) processors in constant time. The
computation of a coloring � with discrepancy

j�(Ei)j � jEi j
1
2+"

s
log(2L0m)

" log jEi j + 2 for all i 2 [L0m]
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can be done according to Theorem 1.13 within the claimed processor and time bounds. �

(b) Lattice Approximation

In the general problem the input is given by a (m � n) matrix A 2 [0; 1]m�n and a vector
p 2 [0; 1]n. We describe the bit-by-bit randomized rounding. In the following algorithm,
after k iterations, each pj , j 2 [n] is represented by at most L+ 1� k bits of precision.

Algorithm 6: Bit-RR

Input: p = (p1; : : : ; pn) 2 [0; 1]n, with L+ 1 bits of precision in each component.
Output: Lattice point in f0; 1gn.

for l L downto 1 do
forall j 2 [n] do

if bitl(pj ) = 1 then
with probability 1

2 do pj  pj � 2�l; /* round down */

else pj  pj + 2�l; /* round up */

end

end

end

return ~bit0(p)

It is clear that the algorithm terminates after at most L iterations with the desired
lattice point, which is the result of successively rouding the bits in p, until at most the most
signi�cant bit can be set to 1. Reviewing this rounding process, it is straightforward to
prove that the probability of rounding the jth entry of p to 1 is exactly pj . We proceed to
the parallel derandomization of the algorithm Bit-RR.

Algorithm 7: Derand-Bit

Input: p = (p1; : : : ; pn) 2 [0; 1]n with L+ 1 bits of precision in each component and
parameter 0 < " � 1

4 .
Output: Lattice point in f0; 1gn.

P (L)  p;
for l L downto 1 do

q (l)  solution to half LAP with input 1
2
~bitl(P

(l)) and ";

P (l�1)  P (l) + 2�(l�1)(q (l) � 1
2
~bitl(P

(l)));

end

return P (0)

Recall the de�nition and the role of h; see (1.31).

A similar version of the next theorem is a main result of [MNN94]. In the following
formulation we state the approximation as well as processor and time bounds with all
necessary parameters explicitely.

THEOREM 1.15

Let q 2 f0; 1gn be the lattice point computed by Derand-Bit and i 2 [m]. There is a
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constant5 
 � 1 such that the following holds.

(i). If ci � 
h 1
1�2" , then

j(Ap�Aq)ij = O
�
c
1
2+"
i

p
h
�
:

(ii). If ci < 
h
1

1�2" , then

j(Ap�Aq)ij = O
�
h

1
1�2"

�
:

The algorithm uses O (n2(L0m)1+
1
" ) processors and runs in O

�
L0

"2 log�0
log2 n log2(L0m)

�
time. (�0 is taken for the hypergraph induced by A, as before. We always have log �0 > 1,
because �0 � 3.)

Proof Denote C (l) := AP (l) for all l 2 f0; : : : ; Lg and

D
(l)
i :=

��C (l+1)
i � C (l)

i

�� for all i 2 [m] and l 2 f0; : : : ; L� 1g.

So, we have in particular C (L) = c, and D
(l)
i denotes the error in the ith component

introduced when rounding to l bits of precision (from l+ 1 bits). We can prove a bound on
these errors, regardless in which of the two cases (i) or (ii) we are.

Claim. There is a constant � > 0 such that

D
(l)
i � � (C

(l+1)
i )

1
2+"
p
h

(2
1
2�")l

for all l 2 f0; : : : ; L� 1g. (1.34)

For the proof, �x l 2 f0; : : : ; L� 1g. We have

2lC
(l+1)
i = 2l(AP (l+1))i = 2l(A

l+1X
k=0

2�k ~bitk(P (l+1)))i =
l+1X
k=0

2l�k(A ~bitk(P (l+1)))i

� 2l�(l+1)(A ~bitl+1(P
(l+1)))i = (A

1

2
~bitl+1(P

(l+1)))i:

(1.35)

Let � be the constant from the �rst O (:) in Theorem 1.14, (i). We get

D
(l)
i =

��C (l+1)
i � C (l)

i

�� = j(AP (l+1))i � (AP (l))i j
=
���(AP (l+1))i �

�
A (P (l+1) + 2�l(q (l+1) � 1

2
~bitl+1(P

(l+1))))
�
i

���
= 2�l

����Aq (l+1) �A 1

2
~bitl+1(P

(l+1))
�
i

���
� 2�l� �

�
A

1

2
~bitl+1(P

(l+1))
� 1
2+"

i

p
h by Theorem 1.14

� 2�l� � (2lC (l+1)
i )

1
2+"
p
h by (1.35)

= �
(C

(l+1)
i )

1
2+"
p
h

(2
1
2�")l

:

5I.e., independent of the LAP instance and of ".
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This proves the claim.

We need � such that

� �
LX
k=1

2�

(2
1
2�")k

:

Because " � 1
4 , we have

1

1� 2�
1
4

�
LX
k=1

1

(2
1
4 )k
�

LX
k=1

1

(2
1
2�")k

;

and hence choosing � := 2� 1

1�2� 1
4

, which is a constant, is su�cient. De�ne then


 := max

��
�2

2
4
3 � 1

�2

; 1

�
:

Consider �rst the case of (i), i.e., ci � 
h
1

1�2" . We do a slightly complicated induction
from L down to 0. Since C (l) = c, the following inequality holds trivially for l = L:

C
(l)
i � ci + �c

1
2+"
i

p
h: (1.36)

We will show that if it holds for some l 2 [L], then it also holds for l� 1. At the same time,

we will prove a better bound on the errors D
(l)
i . Now �x l 2 [L] and assume that (1.36)

holds. We have by (1.34) that

D
(l�1)
i � � (C

(l)
i )

1
2+"
p
h

(2
1
2�")l�1

� �
�
ci + �c

1
2+"
i

p
h
� 1
2+"p

h

(2
1
2�")l�1

by (1.36)

� 2�c
1
2+"
i

p
h

(2
1
2�")l�1

because ci � 
h 1
1�2"

and the def. of 
.

To verify the last inequality, see that for it to be true it is su�cient that c
1
2�"
i � �

p
h

2
2

1+2"�1
and the fact that 
 was chosen in a way that this holds when ci � 
h 1

1�2" .

Consider now for some r 2 f0; : : : ; Lg the following statement, of which we will show that
it holds for all r:

C
(r)
i � ci +

L�rX
k=1

D (L�k)

� ci +
L�rX
k=1

2�c
1
2+"
i

p
h

(2
1
2�")L�k

= ci + c
1
2+"
i

p
h
L�rX
k=1

2�

(2
1
2�")L�k

� ci + �c
1
2+"
i

p
h:

(1.37)
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This is obviously true for r = L. To see that it is true also for r = L� 1, we use that (1.36)
holds for l = L and the analysis following equation (1.36). Then, (1.37) establishes (1.36)

for l = L � 1. Hence, we can prove the above bound on D
(l�1)
i for this l and gain (1.37)

for r = L� 2. Proceeding in this manner gives (1.37) for all r, in particular for r = 0. This
gives

j(Ap�Aq)i j �
LX
k=1

D
(L�k)
i � �c 12+"i

p
h:

The theorem is proved for the �rst case.

Consider now the case of (ii), i.e., ci < 
h
1

1�2" . As long as the values C
(l)
i stay below


h
1

1�2" , the total error (so far) does so as well. If they always stay below this value, we

are done. Otherwise, let l0 be maximal such that C
(l0)
i � 
h

1
1�2" . We can now apply

the analysis from case (i), however6 with C
(l0)
i instead of ci. It is therefore necessary to

upper-bound C
(l0)
i . Fortunately, because C

(l0+1)
i < 
h

1
1�2" , (1.34) gives us

��C (l0+1)
i � C (l0)

i

�� = D
(l0)
i � � (C

(l0+1)
i )

1
2+"
p
h

(2
1
2�")l0

< �

3
4|{z}

=:�0

h
1

1�2"

(2
1
2�")l0

� �0h 1
1�2" ;

using " � 1
4 and the identity

1

1� 2"
� (1

2
+ ") +

1

2
=

1

1� 2"
: (1.38)

Hence C
(l0)
i � (1 + �0)h

1
1�2" . Using that (1 + �0)

1
2+" � (1 + �0)

3
4 , the result for case (i)

with (1.38) �nally proves the assertion for case (ii).

The statement about processors and running time follows from Theorem 1.14 because we
have L0 iterations. �

REMARK 1.3 If we choose L0 = dlog ne, the number of processors in Theorem 1.14 and

Theorem 1.15 is O (n2(L0m)1+
1
" ) = O (n2(m dlog ne)1+ 1

" ), which is close to the estimation

implicitely given in [MNN94]. The running times become O
�

1
"2 log�0

log2 n log2(m log n)
�

and O
�

1
"2 log�0

log3 n log2(m log n)
�

respectively.

If the entries in A are small compared to the right-hand-side c, say aij � �ci, for a
su�ciently small �, by a scaling technique one can construct a lattice point q with a relative
error of O (�

1
2��
p
h), and there is even a good upper bound on the number of positive entries

in q. This will later be used in the application of basis crashing, which is an important
building-block for automata fooling.

We write supp(q) := fj; qj > 0g and call it the support of the vector q. The cardinality
of the support is denoted by jqj := jsupp(q)j. The sum of all entries in a vector p is denoted
by �p. We have:

6This point was not clearly stated in the original proof.
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THEOREM 1.16 Let A 2 [0; 1]m�n, p 2 [0; 1]n be a lattice approximation instance,

c := Ap, c 2 Rm>0. Put L := dlog ne, h := log(2L0m)
� log�0

+ 2, 0 < � � 1
4 , 
 as in Theorem 1.15.

Assume that there exists � > 0 such that

� � � (
h
1

1�2� + 1)�1 and

� aij � �ci for all i.
Then we can construct in NC a vector q 2 f0; 1gn such that

(Aq)i 2 (1�O (�
1
2��
p
h))(Ap)i

and jqj = �p + O (�p
1
2+�
p
h) + 1. The construction can be done with O

�
n2O (m log n)

1+ 1
�
�

parallel processors in O
�

1
�2 log3 n log2(m log n)

�
time. The entries in A and p may be of

any precision.

Proof Scale each row i of A by 1
�ci

. The resulting matrix ~A is in [0; 1]m�n and ~c := ~Ap

has the property that ~ci = 1
� for all i. In addition, we augment ~A by an extra row of 1s at

the bottom.
Truncate the entries in ~A and p to L+ 1 bits of precision, yielding matrix A0 and vector

p0. We know from (1.30) that for all vectors q and all i 2 [m] with c0 := A0p0

j(~c� c0)i j = j( ~Ap�A0p)i j � 1 and j( ~Ap� ~Aq)i j � j(A0p0 �A0q)i j+ 2:

We have c0i � ~ci� 1 = 1
� � 1 � 
h 1

1�2� for all i 2 [m]. Hence we can use case (i) of Theorem
1.15 to solve the LAP instance de�ned by A0 and p0 with parameter � yielding a vector
q 2 f0; 1g with

j(A0p0 �A0q)i j = O
�
c0i

1
2+�
p
h
�

= O
�

(
1

�
)
1
2+�
p
h
�

for all i 2 [m]; (1.39)

using that trivially c0i � ~ci = 1
� . The relative error for the original problem so is

j(Ap�Aq)i j
(Ap)i

=
(�ci)

�1 j(Ap�Aq)i j
(�ci)�1(Ap)i

=
j( ~Ap� ~Aq)i j

��1

� �(O
�

(
1

�
)
1
2+�
p
h
�

+ 2)

= O (�
1
2��
p
h) + 2�

= O (�
1
2��
p
h) :

For the support of q, consider the last entry in c0. For this c0m+1 =
Pn
j=1 p

0
j = �p0 we

know because of c1 =
Pn
j=1 a1jpj � �c1

Pn
j=1 pj = �c1�p that we have c0m+1 = �p0 � �p� 1 �

1
� � 1 � 
h 1

1�2� . Hence we can also use case (i) of Theorem 1.15 for this row of the matrix.

We get j�p� jqjj � j �p0 � jqjj + 1 = j(A0p0 �A0q)m+1 j + 1 = O (�p
1
2+�
p
h) + 1. The claimed

bound follows.
The bounds for processors and running time follow from Theorem 1.15. �

Bibliography and Remarks. Srinivasan [Sri97] gave better bounds for the lattice approximation
problem (see Beck and Fiala [BF81] and Raghavan [Rag88] for bounds derived with Cherno�-
Hoe�ding type inequalities). The quadratic lattice approximation problem, a generalization of the
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(linear) lattice approximation problem, has been studied by Srivastav and Stangier [SS93], and a
derandomized algorithm using Azuma's martingale was obtained. Here, parallel algorithms are not
known.

Closely related to the lattice approximation problem is the concept of linear discrepancy of
hypergraphs. Solving a long-standing open problem, Doerr [Doe01] showed that linear discrep-
ancy of a unimodular hypergraph is at most n

n+1
. This problem is a particular case of an-

other open problem, namely the relation of hereditary and linear discrepancies of a hypergraph.
The classical result due to Beck and Spencer [BS84] as well as Lov�asz, Spencer, and Veszter-
gombi [LSV86] is disc(H) � 2herdisc(H). The latter paper also gives a class of hypergraphs ful�ll-
ing disc(H) = 2 n

n+1
herdisc(H) and conjectures that this should be the right factor. Doerr [Doe00]

showed disc(H) � 2 2m�1

2m
herdisc(H). This is still the best upper bound known for this problem.

1.4 Fooling Automata

Many randomized algorithms can be modelled by a set of deterministic �nite automata. If
the input strings for these automata are drawn randomly according to a certain distribution
�, the automata simulate the randomized algorithm as it works on some �xed input { the
automata themselves may depend on the input to the algorithm. Such a representation of an
algorithm allows a special kind of derandomization. The idea is to modify the distribution
� to a second distribution � such that the size of the support, i.e., the number of strings
with nonzero probability, becomes polynomial, and that the automata approximately still
simulate the algorithm. This is called automata fooling, because the automata are presented
with a di�erent distribution but still behave essentially as before. If the support of � is
su�ciently small, all strings can be checked e�ciently (in parallel), and hence we have
a deterministic algorithm. We present the automata fooling technique from the paper of
Karger and Koller [KK97].

Automata are represented by regular, directed multigraphs.

DEFINITION 1.5 An automaton A is a triple (V;E; s), where V is the set of states (the
nodes or vertices of the graph) and E are labeled edges, which de�ne possible transitions
between two states, and s 2 V is a special state called the starting state of the automaton.
Each state has outgoing edges labeled from 1 to r for some �xed number r. (In practice,
automata will have ending states, from where there are no outgoing edges. To �t with this
de�nition, for such a node v simply think of r loops (v; v).) Inputs for A are strings from
[r]

�
, i.e., concatenations of the numbers from 1 to r.

Giving to A a word w = (w1; w2; : : : ; wl) 2 [r]
�

as input means that starting from s, the
automaton changes its state by traversing the edges as speci�ed by w. In other words: w
de�nes a walk in the graph (V;E) starting at node s.

Throughout this section, we �x a set A1; : : : ;Am of m automata, write Ai = (Vi; Ei; si)
for each i 2 [m], each of them taking inputs from the same set [r]

�
.

Let X1; : : : ; Xn be independent random variables each taking values in [r]. They de�ne
a distribution on W := [r]

n
. We denote this distribution by � : W ! [0; 1], i.e., �(w) is

the probability that (X1; : : : ; Xn) takes on the value w 2 W . (This probability is equal to
P [X1 = w1 ] � : : : � P [Xn = wn ].)

The automata A1; : : : ;Am when provided with inputs drawn from W according to � are
assumed to simulate some randomized algorithm A under consideration. The �nal states
of the automata correspond to the output of the algorithm. The automata themselves may
depend on the input for the algorithm A. We �x an input instance I for our presentation.
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It is assumed that the automata have polynomially many states, in the length of I.

DEFINITION 1.6 The support of a distribution � on a set U is

supp(�) := fw 2 U ; �(w) > 0g :
For the cardinality of the support, also called the size of the distribution, we write

j�j := jsupp(�)j :

If we know that with positive probability (w.r.t. �), the algorithm (simulated by the
automata) outputs a good solution7, it su�ces to check the output of the automata for
every w 2 supp(�). However, this set may be too large. If, on the other hand, we are
able to replace � by some distribution � such that supp(�) is small and the automata still
(approximately) simulate the algorithm, we can check every word in supp(�) instead. This
can be done in parallel.

There are methods to reduce the support of a distribution while maintaining the prob-
abilities of certain events. The challenge is that in general, the running times of these
algorithms depend (polynomially) on the size of the original support. The solution to this
is a divide-and-conquer approach. It will be described in the following. First, we look
at the problem of reducing the support of a given distribution directly, and then consider
intermediate transition probabilities, which help in the design of the divide-and-conquer
technique.

Reducing Support

Let � be a distribution and B1; : : : ; Bk events (e.g., transitions in the automata). The events
are also called constraints in this context, and we denote the set of all constraints by C.

For every " > 0, by (1� ") we denote the intervall (1� "; 1 + "). Consequently, for a real
number x, by (1� ")x the intervall (x� "x; x+ "x) is denoted.

DEFINITION 1.7 Let 1 > " � 0. Given a distribution �, a distribution �0 is said to
absolute "-fool constraints B1; : : : ; Bk, if

jP�0 [Bj ]� P� [Bj ]j < " for all j 2 [k]:

It is said to relative "-fool constraints B1; : : : ; Bk, if

P�0 [Bj ] 2 (1� ")P� [Bj ] for all j 2 [k]:

Obviously, because we are dealing with probabilities, which are in [0; 1], relative "-fooling
is stronger than absolute "-fooling. In [KK97], only relative "-fooling is considered. We
include absolute "-fooling in our analysis, because even in this case, we get interesting
results, and there may be algorithms for reducing support with an absolute error that
require fewer work (processors and time) than those known for relative fooling.

One technique for reducing the support of a distribution so that the resulting one absolute
or relative "-fools a given set of constraints is known as basis crashing . We speak of absolute

7E.g., a solution approximating some objective function within a certain margin.
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approximate basis crashing or relative approximate basis crashing depending on the kind
of error we intend to achieve. We speak of basis crashing if " = 0 (in which case relative
and absolute error coincides). Basis crashing generally works by expressing the constraints
as a set of linear equations and then looking for a basic solution, which, by the properties
of a basic solution, leads to a support of cardinality � k, see [KK97, Thm. 2.2]. To our
knowledge, the best algorithm for basis crashing (" = 0) is due to Beling and Megiddo
[BM98] and runs in O (k1:62 j�j). Hence, if � has a large support (e.g., exponential in the
input length), this technique alone does not yield a polynomial (or an NC algorithm) for
the original problem.

As a building-block for the devide-and-conquer approach, it su�ces however to have an
NC implementation for the reduction of the support, even if the number of processors and
running time depend (polynomially and logarithmically, respectively) on the size of the
original distribution, provided that the support is reduced strongly enough.

We will give an algorithm for relative approximate basis crashing. (This, of course, yields
one for absolute basis crashing.) However, we will also show how the devide-and-conquer
algorithm works if only an algorithm for absolute approximate basis crashing is available.

The nice idea of [KK97] is to formulate relative approximate basis crashing as a lattice
approximation problem. The latter can then be solved using the parallel algorithm from
Theorem 1.16. Consider some sample space 
, e.g., the set of all words W . The given
distribution is a mapping � : 
 ! [0; 1] and the constraints are subsets of 
, i.e., Bi � 

for all i 2 [k]. Denote the elements of the support supp(�) = f!1; : : : ; !Sg and consider the
constraints as subsets of supp(�). If not already the case, we include the event B0 consisting
of all the elements from supp(�) in the set of constraints. This will help in ensuring that we
really get a distribution out of our construction. So we may have in fact k + 1 constraints.

We have to pay attention here, because the term O
�
(k + 1)1+

1
�
�
, later occuring in the

processor bounds, is not O
�
k1+

1
�
�
, unless � is appropriately lower-bounded.

We use the algorithm from Theorem 1.16. Set "0 := "
3 , �x some 0 < � � 1

4 and choose �

such that � � ("02h�1)
1

1�2� and � is small enough as required in the theorem. Reviewing
the requirement of the theorem, we see that if " is small enough compared to 
�1 (which
we may assume), a setting of � such that

1

�
= ("0�2h)

1
1�2� = O

�
(
h

"2
)

1
1�2�

�
(1.40)

su�ces.
We construct the lattice approximation instance. The contraint-sample matrix associated

to (Bi)i=1;:::;k is

~A = (~aij)i=1;:::;k
j=1;:::;S

; where ~aij :=

(
1 if !j 2 Bk
0 else:

De�ne a vector b 2 [0; 1]k by

bi := P� [Bi ] for all i 2 [k],

and vectors r; p 2 [0; 1]S by

rj := �(!j) for all j 2 [S],

pj := min
n

max
i2[k]

~aijrj
�bi

; 1
o

for all j 2 [S];
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and �nally set

A = (aij)i=1;:::;k
j=1;:::;S

; where aij :=
~aijrj
pj

i 2 [k]; j 2 [S]:

The lattice approximation problem is de�ned by A and p, meaning that c := Ap is the
vector of constraint probabilities b. By the algorithm from Theorem 1.16 we get a vector
q 2 f0; 1gS with a support bounded as in the theorem such that j(Ap�Aq)i j � "0(Ap)i,
i.e.,

(Aq)i 2 (1� "0)(Ap)i for all i 2 [k]. (1.41)

De�ne ~�0(!j) :=
rj
pj
qj for all j 2 [S] and � :=

P
j2[S] ~�0(!j). The following setting yields

a distribution

�0(!) :=

(
1
�

~�0(!) if ! 2 f!1; : : : ; !Sg
0 else

for all ! 2 
, (1.42)

which is not far from the \pseudo" distribution ~�0, because, by the assumption that the
event B0 is among the constraints, we have

� 2 (1� "0): (1.43)

THEOREM 1.17 Let � be a distribution, 0 < " < 1, and consider constraints (i.e.,
events) B1; : : : ; Bk. A distribution �0 can be constructed such that the given contraints are
relative "-fooled and

j�0j = O

�
k
� log(k logS)

�"2

� 1
1�2�

�
:

The construction can be done with O
�
S2O (k logS)

1+ 1
�
�
processors in time

O
� 1

�2
log3 S log2(k logS)

�
:

Proof Ler �0 be as in (1.42). By (1.41), we see that the constraints are relative "-fooled
by �0: for i 2 [k] we have (Ap)i = bi = P� [Bi ] and (Aq)i = �P�0 [Bi ]. Hence �P�0 [Bi ] 2
(1� "0)P� [Bi ]. The choice of "0 and (1.43) give the desired P�0 [Bi ] 2 (1� ")P� [Bi ].

We proceed to bound the support size of �0, which is the same as the support size of q.
We know from Theorem 1.16 that jqj � �p + O (�p

1
2+�
p
h) + 1. Hence, we need an upper

bound on �p. We say that i 2 [k] ownes j 2 [S] if the term
~aijrj
�bi

is maximal (over all possible
i). Fix by own(j) an arbitrary i which owns j. We then have

�p =
X
j2[S]

pj =
X
i2[k]

X
j2[S]

s.t. i=own(j)

pj �
X
i2[k]

X
j2[S]

s.t. i=own(j)

~aijrj
�bi

=
X
i2[k]

1

�bi

X
j2[S]

s.t. i=own(j)

~aijrj �
X
i2[k]

1

�bi
bi =

X
i2[k]

1

�
=
k

�
:

The claimed bound for the support follows from a calculation using (1.40) and the de�nition
of h from Theorem 1.16.
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The bounds on the number of processors and running time follow directly from 1.16. �

REMARK 1.4 Karger and Koller [KK97, Th. 4.6] state a bound of O
�
k log k
"2

�
for the

support size. We cannot see how to establish this bound for the following reasons. Our

bound O

�
k
�
log(k log S)

�"2

� 1
1�2�

�
in the previous theorem relies on our rigorous analysis of the

discrepancy algorithm, Theorem 1.13. The error parameter " in Theorem 1.13, which is �
here, can be found in the exponent as well as in the denominator (under the square root) in
the discrepancy bound of our version of the theorem, while it only appears in the exponent
in [MNN94]. This factor of 1

" persists also in the bounds for the lattice approximation, and
thus also must appear in the bounds for the support size (at �rst hidden in the quantity h).
Hence one cannot simply substitute � by o (1), as it is done in [KK97], where presumably the
discrepancy result of [MNN94] was used which did not show the factor of 1

" (which is 1
� here).

In any case putting � = o (1) is questionable, because the number of processors depends
exponentially on 1

� , and the running time depends on it polynomially. Our analysis of the
discrepancy algorithm also introduces a dependence on the number of variables, which in
this application is the size of the support, since we cannot assume \� (log n) = � (logm)" in

general. However, for � = 1
16 we get the bound O

�
k log

1:15(k log S)
"2:3

�
. We have not optimized

� here, so there might be room for some improvements, which we expect to be minor. Note
that the constant hidden in the O (:) notation of this bound goes to in�nity as � goes to
zero.

In the following, we will assume that some deterministic NC algorithm Red is given
which can be used to reduce the support of a distribution while fooling a set of constraints.
For example, we may use the basis crashing algorithm from Theorem 1.17.

Denote the output distribution of Red by Red(�; C; "). The number of processors used
is denoted by Redproc(j�j ; k; ") and the running time by Redtime(j�j ; k; "). De�ne

Redratio(S; k; ") := sup
�; C

s.t. j�j=S
and jCj=k

jRed(�; C; ")j
k

:

We assume Redproc, Redtime, and Redratio to be non-decreasing in the �rst two arguments,
and non-increasing in the third argument. All these quantities are dependent on the par-
ticular choice for Red. If we choose the algorithm from Theorem 1.17 as Red, we have

Redratio(S; k; ") = O

��
log(k log S)

�"2

� 1
1�2�

�
, while for the choice of the exact algorithm of

Beling and Megiddo, it would be � 1 + o (1).
For the algorithm Red to be e�cient, Redratio must be small enough and appropriately

dependent on S, so that the size of the support behaves well under a certain iteration. To
explain this, �x k and " and de�ne

f(S) := k �Redratio(S2; k; "): (1.44)

The following scheme will later be realized in Algorithm 8. Think of some distribution of
size S0. It is modi�ed such that its support grows to at most S20 . Its support is then reduced
to size S1 using Red, and then it is modi�ed again so that its support grows to at most
S21 . Then it is treated with Red again, and so on. Doing so t times by de�nition never
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(meaning: in no step during the iteration) gives a distribution of size larger than

Red
t
iter(S0; k; ") := max ff(f(f:::f| {z }

t0 times

(S0))); t0 � tg : (1.45)

For �xed t, Redtiter(S0; k; ") is non-decreasing in its �rst two arguments and non-increasing
in the third.

In Corollary 1.4 we will give an analysis of the iteration behavior of the algorithm from
Theorem 1.17, showing that the support grows not too much.

Transition Probabilities

Let i 2 [m] and a; b 2 Vi. Denote by P� [a!i b] the probability that starting from state
a, the automaton Ai will reach state b when it is given as input a word w 2 W generated
according to distribution �. We call this the transition probability of i from a to b under �.

The transition probabilities where a is the initial state are the important properties of
the automata. They are to be maintained approximately during the construction of a new
distribution.

For l � h � n we need the intermediate transition probability P� [a!i b]
l;h

de�ned as
the probability for a transition from a to b when the input is generated according to the
random variables Xl; : : : ; Xh only. The extreme cases are l = h, where only one random
variable is used, and l = 1 and h = n, where all random variables are used. We introduce
the notation W l;h := [r]

h�l+1
.

A simple but important observation is that we can construct intermediate transition
probabilities for larger words from smaller ones. If l � g � h, then

P� [a!i b]
l;h

=
X
v2Vi
P� [a!i v]

l;g � P� [v !i b]
g+1;h

: (1.46)

Note that this extends to the case when � is any distribution with the property that

�(wl; : : : ; wh) = �(wl; : : : ; wg) � �(wg+1; : : : ; wh) 8(wl; : : : ; wh) 2W l;h: (1.47)

DEFINITION 1.8 Let " � 0. A distribution � is said to absolute "-fool a set A1; : : : ;Am
of automata w.r.t. a distribution �, if

jP� [si !i v]� P� [si !i v]j < " 8v 2 Vi 8i 2 [m]:

It is said to relative "-fool the automata if

P� [si !i v] 2 (1� ")P� [si !i v] 8v 2 Vi 8i 2 [m]:

In other words, it "-fools the automata if it "-fools all the relevant transition events.
(The devide-and-conquer algorithm will, as a side-e�ect, "-fool all transition events, not
only those starting at si.)

Divide-and-Conquer Algorithm

We present an algorithm that constructs a distribution that "-fools a given set of automata
w.r.t. a given distribution. The algorithm works for absolute as well as for relative errors,
provided that an adequate algorithm Red is given. The analysis for the case of relative
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error is taken from [KK97]. We have added the analysis in the case of an absolute error,
which requires some more work.

For each l � h � n we denote by Cl;h the set of constraints consisting of transition events
of all automata under inputs generated according to Xl; : : : ; Xh. We have

jCl;h j �
X
i2[m]

jVi j2 =: k: (1.48)

Note that k is polynomial in the length of the input instance I, because the automata by
assumption have only polynomially many states.

De�ne Vmax := maxi2[m] jVi j and

�(") :=

8<:min
n
"
4 ;
�

"
4Vmax

� 1
2

o
for an absolute error

"
4 for a relative error.

The algorithm has to use smaller and smaller "-values in each iteration. The function �
describes how these values decrease. It is crucial that the reciprocal of the "-values stays
polynomial. That is why we �rst take a look at the behavior of � under iteration. De�ne
for each t 2 N the tth iterate by � (t)(") := �(� (t�1)(")) and � (0)(") := ".

PROPOSITION 1.4 Let " > 0 and write V := 4Vmax. Then � (dlogne)(") � "
4n2V in the

case of an absolute error and � (dlogne)(") � "
4n2 in the case of a relative error, hence the

reciprocal is polynomial in the input length of I.

Proof The case of relative error is easy; there we have � (dlogne)(") = "

4dlogne
� "

4n2 .

Now consider the absolute error. By the assumption that the automata have polynomially
many states, V is polynomial. Assume that starting from some value "1, for t1 iterations,
the minimum is always attained by the �rst expression in the de�nition of �. Then it
is, for some t2 iterations, attained by the second expression. For some t3 iterations, it is
again assumed by the �rst one, and so on. We have a sequence of numbers t1; : : : ; tr such
that

Pr
s=1 ts = dlog ne, and the numbers with an odd index mark periods where the �rst

expression matters and those with an even index mark periods where the second expression
matters. A tedious calculation { the exponent of V is already signi�cantly simpli�ed in the
second term of the following equation { shows that

� (dlogne)(") � "( 12 )
P

s�r
s even

ts

4
�P s�r

s odd

ts
V �Pdlogne

s=1
1
2s � "4�dlogneV �1 � "

4n2V
: �
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Algorithm 8: Fool

Input: Random variables Xl; : : : ; Xh (with indices), parameter ".
Output: Distribution � that absolute or relative "-fools the automata, depending on

� and Red.

if l = h then1

forall w 2W l;h do /* note that here W l;h = [r] */2

~�(w) P [Xl = w];3

end4

end5

else6

g  d l+h2 e;7

�0  Fool(Xl; : : : ; Xg; �(")) in parallel with �00  Fool(Xg+1; : : : ; Xh; �("));8

in parallel forall (wl; : : : ; wh) 2W l;h
9

such that �0(wl; : : : ; wg) > 0 and �00(wg+1; : : : ; wh) > 0 do10

~�(wl; : : : ; wh) �0(wl; : : : ; wg) � �00(wg+1; : : : ; wh);11

end12

� Red(~�; Cl;h; ");13

end14

return �;15

The following tree illustrates how Fool works for eight random variables X1; : : : ; X8. At
the bottom, distributions are constructed for each random variable; this is what happens
in lines 1 to 5. Moving upwards in the tree means, for each branch, to \merge" two
distributions; this is what happens in line 11.

X1; X2; X3; X4; X5; X6; X7; X8

X5; X6; X7; X8

X7; X8

X8X7

X5; X6

X6X5

X1; X2; X3; X4

X3; X4

X4X3

X1; X2

X2X1

The depth of the tree is log n. Note that without the calls to Red in line 13, the size of

the support could be r2
logn

= rn at the top, which is superpolynomial hence making it
impractical to reduce it by just one �nal call to Red.

THEOREM 1.18 Let 1 > " > 0 and set "min := � (dlogne)(").

(i). The algorithm Fool constructs a distribution � that "-fools the automata and

has size at most Smax := Red
dlogne
iter (r; k; "min).

(ii). It runs using

O (n �max fO (S2max) ;Redproc(Smax; k; "min)g)
parallel processors in time

O (log n �Redtime(Smax; k; "min)) :
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Because Red is an NC algorithm, Fool is so as well { as long as Red
dlogne
iter is

polynomial in its three arguments.

Proof (i). The recursion depth is dlog ne. The statement about the size of the �nal
distribution is clear by (1.45), noting that the treatment of the distribution in line 11 is
expressed by taking the size of the support to the power of 2 in (1.44), that the size of the

starting distributions is bounded by r, and that Red
dlogne
iter is assumed to be non-increasing

in its third argument. So we can argue with "min in Red
dlogne
iter (r; k; "min) and do not need

to consider the intermediate values of \"".

We now show by induction on h� l that the algorithm has the required fooling property.
If h� l = 0, this is easily seen. The distribution ~� constructed in lines 2 to 4 exactly re
ects
the transition probabilities (of length one) for the random variable in question.

First consider an absolute error, let h � l > 0 and assume that the algorithm works
correctly on smaller inputs. This means that �0 and �00 have the property to absolute
�(")-fool the (intermediate) transition events for Xl; : : : ; Xg and Xg+1; : : : ; Xh respectively.
The distribution ~� de�ned by the multiplications in line 11 by this very de�nition has the
property (1.47). Hence we can use (1.46). This yields for all i 2 [m] and a; b 2 Vi

P~� [a!i b] =
X
v2Vi
P�0 [a!i v] � P�00 [v !i b]

�
X
v2Vi

(P� [a!i v]
l;g

+ �(")) � (P� [v !i b]
g+1;h

+ �("))

� �X
v2Vi
P� [a!i v]

l;g � P� [v !i b]
g+1;h�

+ �(")
X
v2Vi
P� [a!i v]

l;g

| {z }
=1

+�(")
X
v2Vi
P� [v !i b]

g+1;h

| {z }
=1

+ jVi j �(")2

� P� [a!i b]
l;h

+ 2
"

4
+ jVi j "

4Vmax

= P� [a!i b]
l;h

+
3

4
":

A corresponding lower bound can be established in the same way. The call toRed introduces
another absolute error of at most "

4 , resulting in the distribution � to absolute "-fool the
(intermediate) transition events.

Consider now the case of a relative error. The distributions �0 and �00 have the property
to relative �(")-fool the (intermediate) transition events for Xl; : : : ; Xg and Xg+1; : : : ; Xh

respectively, where �(") = "
4 . The distribution ~� de�ned by the multiplications in line 11

by this very de�nition has the property (1.47). Hence we can use (1.46). This yields for all
i 2 [m] and a; b 2 Vi

P~� [a!i b] =
X
v2Vi

P�0 [a!i v]| {z }
2(1� "

4 )P� [a!iv]
l;g

� P�00 [v !i b]| {z }
2(1� "

4 )P� [v!ib]
g+1;h

2 (1� "

4
)2
X
v2Vi
P� [a!i v]

l;g � P� [v !i b]
g+1;h

= (1� "

4
)2P� [a!i b]

l;h
:
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The call to Red introduces another relative error of "
4 , resulting in

P� [a!i b] 2 (1� "

4
)3P� [a!i b]

l;h
:

Because (calculations omitted)

1� " � 1� "+
27

64
"2 � (1� "

4
)3 and (1 +

"

4
)3 � 1 +

61

64
" � 1 + ";

the distribution � thus relative "-fools the (intermediate) transition events.

(ii). First consider the time complexity. The statement follows from the fact that the
recursion depth is dlog ne, the only expensive task in each recursion is the call to Red, and
the de�nition of "min. Keep in mind that we assumed Redtime to be non-decreasing in the
�rst two, and non-increasing in the third argument.

Now consider the number of processors. There will only be n instances of Fool running
in parallel at a time. There are only O (S2max) multiplications to do in line 11, and with
the same argument as above, a call to Red never uses more than Redproc(Smax; k; "min)
processors. �

COROLLARY 1.4 Consider relative "-fooling. If Red is chosen as the algorithm from
Theorem 1.17, algorithm Fool yields a distribution of size

Smax = O

 
k

�
n4

log(k log (�))
�"2

� 1
1�2�

!
; (1.49)

using

O

 
nk2

�
n4

log(k log (�))
�"2

� 2
1�2�

(O (k) log (�))1+
1
�

!

parallel processors in O
�

1
�2 log (�)

�
time.

To prove this, we need an upper bound on Rediter for the case of the algorithm from
Theorem 1.17. Recall (1.44) and (1.45). The following technical proposition examines this
iteration in a general setting.

PROPOSITION 1.5 Let a; b; c; p; S be large enough8 such that 6p + 1 � b, and de�ne
f(x) := a logp(b log(cx2)). Then, for the tth iterate of f , for all t 2 N, we have

f (t)(S) � a logp(b3(log(ca2) + log(cS2))) = a logp(2b3(log(acS)))

= O (a logp(b log(acS))) :
(1.50)

Proof Set A := log(ca2)+log(cS2)). We clearly have f(S) � a logp(b3A) and furthermore

f(a logp(b3A)) = a logp(b log(ca2 log2p(b3A)))

8It is su�cient to choose a � 2, c � 1, b � 12, S � 2.
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= a logp(b log(ca2) + b log log2p(b3A))

� a logp(bA+ 2pb log log(b3A))

� a logp(bA+ 2pb(log(log(b3) + log(A)))

� a logp(bA+ 4pb2 + 2pb log(A)))

� a logp((b+ 4pb2 + 2pb)A) � a logp((1 + 6p)b2A) � a logp(b3A):

The second and third assertion is a simple calculation. �

The bound of the proposition can certainly be improved. We proceed to prove the Corol-
lary.

Proof (of Corollary 1.4)

In terms of the previous proposition, we have a = O
�
k(�"2min)�

1
1�2�

�
, b = k, c = 1, and

p = 1
1�2� . The starting value is S = r, and we have "�1min � 4n2

" . A calculation using the
previous proposition leads to stated bound on Smax. Using the equations for Redproc and
Redtime from Theorem 1.17 and 1

1�2� = O (1) we get the stated bounds for processors and
running time. �

REMARK 1.5 Fix one automaton A and let its �nal states give the values of some
d-valued random variable Y . If we have a relative error, then

E� [Y ] =
X
y2[d]

y P� [Y = y]| {z }
2(1�")P�[Y=y]

2 (1� ")
X
y2[d]

yP� [Y = y] = (1� ")E� [Y ] :

So, in other words, expectations are fooled just like probabilities. In the case of an absolute
error, we have

E� [Y ] =
X
y2[d]

yP� [Y = y] �
X
y2[d]

y(P� [Y = y] + ")

=
X
y2[d]

yP� [Y = y] +
X
y2[d]

y" � E� [Y ] + d2";

and a similar lower bound. Hence, in case of absolute error, if expectations are to be "-
fooled, the fooling of the probabilities has to be done with an \"" not larger than "

d2 . If the
automata have polynomially many states, d is polynomial, and hence such a requirement is
reasonable.

1.5 Parallel Algorithms for Packing Integer Programs

1.5.1 Impact of k-Wise Independence: Multidimensional Bin Packing

We choose the multidimensional bin packing problem as an example for a packing type
problem for which a NC algorithm with the method of k-wise independence can be given.
The material for this subsection is based on Srivastav, Stangier [SS97a]. In the next section
we will see the impact of the approach of Srinivasan [Sri01a] for general integer programs
of packing type.
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DEFINITION 1.9 (Bin Packing Problem Bin(~b;m))

Let m;n 2 N, and let ~b = (b1; : : : ; bm) 2 Nm, called the bin size vector. Given vectors
~v1; : : : ; ~vn 2 [0; 1]m, pack9 all vectors in a minimum number of bins such that in each bin
B and for each coordinate i 2 [m] the condition

P
~vj2B vji � bi holds. De�ne

C :=

�
max
i2[m]

1

bi

nX
j=1

vji

�
: (1.51)

Observe that C is the minimum number of bins, if fractional packing is allowed. Let Copt
be the number of bins in an optimal integer solution.

Bin(1;m) is the multidimensional bin packing problem, and Bin(1; 1) is the classical bin

packing problem. The intention behind the formulation with a bin size vector ~b is to analyze
the relationship between bin sizes and polynomial-time approximability of the problem.

The known polynomial-time approximation algorithms for resource constrained schedul-
ing applies also to multidimensional bin packing and are due to Garey, Graham, Johnson,
Yao [GGJY76] and R�ock and Schmidt [RS83]. Garey et al. constructed with the First-Fit-
Decreasing heuristic a packing with CFFD number of bins which asymptotically is a (m+ 1

3 )-
factor approximation, i.e., there is a non-negative integer C0 such that CFFD � Copt(m+ 1

3 )
for all instances with Copt � C0. De la Vega and Lueker [dlVL81] improved this result pre-
senting for every " > 0 a linear-time algorithm which achieves an asymptotic approximation
factor of m + ". For restricted bin packing and scheduling B lazewicz and Ecker gave a
linear-time algorithm (see [BESW93]). The �rst polynomial-time approximation algorithm
for resource constrained scheduling and multidimensional bin packing with a constant factor
approximation guarantee has been given in [SS97b]: For every " > 0, 1

" 2 N, a bin packing
of size at most d(1 + ")Copte can be constructed in strongly polynomial time, provided that

bi � 3(1 + ")

"2
log(8nd): (1.52)

This approximation guarantee is independent of the dimension m. For " = 1 this gives
a sequential 2-factor approximation algorithm for multidimensional bin packing under the
above assumption on b.

There is no obvious way to parallelize this algorithm. In this section we will show that
at least in some special cases there is an NC approximation algorithm. The algorithm is
based on the method of logc n-wise independence. The parallel bin packing algorithm has
4 steps.

Step 1: Finding an optimal fractional bin packing in parallel. We wish to apply randomized
rounding and therefore have to generate an optimal fractional solution. The following integer
program is equivalent to the multidimensional bin packing problem.

minDP
j vjixjz � bi 8 i 2 [m]; z 2 [D]P

z xjz = 1 8 j 2 [n]
xjz = 0 8 j and z > D
xjz 2 f0; 1g:

9Packing simply means to �nd a partitioning of vectors in a minimum number of sets so that the vectors
in each partition (= bin) satisfy the upper bound conditions of the de�nition.
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Note that this integer program is not an integer linear program, thus we cannot solve it
with standard methods. But, fortunately, its optimal fractional solution is given by C, see
(1.51). This is easily checked by setting xjz = 1

C for all vectors j and all bins z 2 [C].

Step 2: Enlarged fractional bin packing. In order to de�ne randomized rounding we enlarge
the fractional bin packing. The reason for such an enlargement is that for the analysis of
the rounding procedure we need some room. Fix � > 1 and de�ne

d := 2dlog(�C)e; (1.53)

hence d � 2�C.
The new fractional assignments of vectors to bins are exjz = 1

d for all j 2 [n], z 2 [d].
Note that this assignment de�nes a valid fractional bin packing, even with tighter bounds

nX
j=1

vjiexjz � bi
�

(1.54)

for all i 2 [m], z 2 [d].

Step 3: Randomized rounding. The sequential randomized rounding procedure is to assign
randomly and independently vector j to bin z with uniform probability 1

d . With the method
of limited independence we parallelize and derandomize this rounding scheme in the next
step.

Step 4: Derandomized rounding in NC. We apply the parallel conditional probability
method for multivalued random variables, Theorem 1.11.

First, C can be computed in parallel with standard methods:

LEMMA 1.5 C can be computed with O (nm) processors in O (log(nm)) time.

Recall the de�nitions preceding Theorem 1.11. For integers r; z 2 [d] de�ne the indicator
function

[r = z] :=

(
1 if r = z

0 else:

For all (i; z; j) 2 [m]� [d]� [n] de�ne the functions gizj by

gizj : R! R; r 7! vji([r = z]� 1

d
);

and, for an even k to be speci�ed later, fiz and F as in Theorem 1.11. We then have

F (x1; : : : ; xn) =
X

(i;z)2[m]�[d]

���� nX
j=1

vji([xj = z]� 1

d
)| {z }

=fiz(x1;:::;xn)

����k

for all (x1; : : : ; xn) 2 [d]
n
. Furthermore, we need estimates of the kth moments.

LEMMA 1.6 Let 1
logn � � < 1

2 and k := 2
l
log(6�nm)
2� logn

m
. Then

E [F (X1; : : : ; Xn)]
1
k � n 1

2+� (log(6�nm) + 2)
1
2
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for k-wise independent [d]-valued random variables X1; : : : ; Xn.

Proof Using Theorem 1.5 we can show as in the proof of Lemma 1.3

E [jfiz(X1; : : : ; Xn)jk ] � 2(
k

2
)!(
n

2
)
k
2 : (1.55)

Robbins exact Stirling formula shows the existence of a constant 
n with 1
12n+1 � 
n � 1

12n

so that n! = (ne )n
p

2�ne
n ([Bol98], page 4), thus n! � 3(ne )n
p
n. Furthermore, for all

k � 2, we have 2
p
k(4e)�

k
2 � 1. With these bounds the right hand side of inequality (1.55)

becomes 3(kn)
k
2 . The claimed bound now follows by summing over all i 2 [m], z 2 [d],

using the trivial bound C � n and taking the 1
k th root. �

The main result is:

THEOREM 1.19 (Srivastav, Stangier 1997 [SS97a])

Let 1
logn � � < 1

2 and � > 1 and suppose that bi � �(� � 1)�1n
1
2+� (log(6�nm) + 2)

1
2 for

all i 2 [m]. Then there is an NC algorithm that runs on O (n3(nm)
1
�+1) parallel processors

and �nds in O

�
( log

2 n log(nm)
� )4

�
time a bin packing of size at most 2dlog(�C)e � 2�C.

Proof Set k = 2
l
log(6�nm)
2� logn

m
and let d be as de�ned in (1.53), so d � 2�C � 2�n. Thus

for �xed � we have dk = O (nk) (we are not interested in large values of �). Also, because of
1

logn � � , we have O (1)
1
� = O (1). By Theorem 1.11 we can construct integers bx1; : : : ; bxn,

where bxj 2 [d] for all j such that

F (bx1; : : : ; bxn) � E [F (X1; : : : ; Xn)] (1.56)

holds, using
O (nk+2m) = O (n3(nm)

1
�+1)

parallel processors in time

O (log(n log d)| {z }
=O(logn)

�(k4 log4 d| {z }
=O(log4 n)

log3(n log d) log n| {z }
=O(log4 n)

+k log d log(mdnk)| {z }
=O(k logn log(mn))

))

= O

�
log4 n � (

� log(6�nm)

�

�4 log4 n

log4 n
log n+

� log(6�nm)

�

�2
log(nm))

�
= O

�
(
log2 n log(nm)

�
)4
�
:

To complete the proof we must show that the vector (bx1; : : : ; bxn) de�nes a valid bin
packing. This is seen as follows. By de�nition of the function F we have for all coordinates
i and all bins z 2 [d]���� nX

j=1

vji(xjz � 1

d
)

���� � F (x1; : : : ; xn)
1
k � E [F (X1; : : : ; Xn)]

1
k

� n 1
2+� (log(6�nm) + 2)

1
2 :

(1.57)



1-50

(the last inequality follows from Lemma 1.6). Hence, using (1.57), (1.54), and the assump-

tion bi � �(�� 1)�1n
1
2+� (log(6�nm) + 2)

1
2 , we get for all coordinates i and all bins z 2 [d]

nX
j=1

vjixjz �
���� nX
j=1

vji(xjz � 1

d
)

����+
nX
j=1

vji
1

d

� n 1
2+� (log(6�nm) + 2)

1
2 +

bi
�

� (1� 1

�
)bi +

bi
�

= bi;

and the theorem is proved. �

Note that we cannot achieve a polynomial-time approximation better than a factor of 4
3 ,

even if bi = 
 (log(nm)) for all bounds bi and � < 1
2 .

THEOREM 1.20 (Srivastav, Stangier 1997 [SS97a])

Let 0 < � < 1
2 and 3 � � be a �xed integer. Under the assumption bi = 
 (n

1
2+�
p

log(nm))
for all i, it is NP-complete to decide whether or not there exists a multidimensional bin
packing of size �.

1.5.2 Impact of Automata Fooling: Srinivasan's Parallel Packing

Let A 2 ([0; 1]\Q)m�n, b 2 ((1;1)\Q)m, and w 2 ([0; 1]\Q)n such that maxi2[n] wi = 1.
We consider the packing integer program

max w �x

Ax � b
x 2 f0; 1gn

(PIP)

This is an NP-hard problem, and hence good e�cient approximation algorithms are
sought. Let x� 2 ([0; 1] \Q)n be an optimal solution to the LP relaxation of the PIP, i.e.,
to the following linear program:

max w �x

Ax � b
x 2 [0; 1]n

By OPT
� we denote the value of x�, i.e., w �x�. Set B := min fbi; i 2 [m]g (which is > 1).

We brie
y review previous results for PIPs. Let 0 < " < 1. If B � 12"�2 ln(2m), then a
vector x 2 f0; 1gn with Ax � b and w �x � (1�")OPT� can be constructed in deterministic
polynomial time [SS96]. This result is based on an e�cient derandomization of Cherno�-
Hoe�ding bounds. Srinivasan's work [Sri99] extends the range for the right-hand side b
where a polynomial time approximation algorithm does exist.

THEOREM 1.21 (Srinivasan 1995, 1999)

There are constants K0 and K1 such that the following holds. A solution x 2 f0; 1gn for a
given PIP can be constructed in polynomial time with

w �x � K0 min

�
OPT

�;
�
K1

OPT
�

m
1
B

� B
B�1

�
:
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REMARK 1.6 (Asymptotics of the approximation bounds)

Let us brie
y compare Srinivasan's bound with the bounds of [SS96]. If B = B(m) is a
function of m with B(m) �!1, we may assume that B

B�1 is 1 + o(1). So

�
K1

OPT
�

m
1
B

� B
B�1

= (K1OPT
�)1+o(1)e�

lnm
B�1 � K1OPT

�e�
lnm
B�1 :

Then the approximation quality is governed by e�
lnm
B�1 . For B = c ln(m)+1, c a constant, we

have e�
lnm
B�1 = e�c, leading to a constant approximation factor K1e

�c. For any c = 
 ("�2),
" > 0, e�c is exponentially small, thus inferior to the 1�" factor of [SS96]. But Srinivasan's
bound gives a constant factor approximation for any constant c > 0, while in [SS96], the
\constant" is at least 12"�2. On the other hand, if lnm

B�1 tends to 1, for example if B =

O (ln ln(m) + 1), we have that e�
lnm
B�1 = e�!(m) = o (1), leading to an asymptotically zero

approximation factor. In this range of B, we have essentially no approximation guarantee.

In the rest of this section, we present Srinivasan's derandomized NC approximation al-
gorithm [Sri01a]. We �rst describe a randomized approximation algorithm but will not try
to make a statement about its success probability. Instead we will right away derandomize
it using the automata fooling technique from Section 1.4. The randomized version merely
serves as an illustration of the idea behind the to be constructed automata.

The Idea

To make the fractional optimum x� an integral solution, consider the following rounding
and alteration scheme. Fix a parameter � � 3, which will be speci�ed more precisely later.
For each j 2 [n], set

yj :=

(
1 with probability

x�j
�

0 with probability 1� x�j
� :

(1.58)

This way we get an integral vector y with

E [w � y] =
OPT

�

�
: (1.59)

However, y might be infeasible { some of the m constraints in \Ay � b" might be violated.
To repair this, y is modi�ed in a greedy manner to ful�ll all the constraints. Initialize x := y.
For each row i 2 [m] of the matrix A sort the entries (aij)j=1;:::m in decreasing order

ai;j1;i � ai;j2;i � : : : ai;jm;i
:

Then, starting with the �rst position j = j1;i, set xj to 0 until the constraint \ai �x � bi" is
ful�lled10. This is done in parallel for all rows i, without any communication between the
processes. Hence, there might in fact occur unnecessary alterations.

Let the random variables Y1; : : : ; Ym denote the number of alterations for each row. (They
are called this way because they are fully determined by the intermediate solution y.) Let I

10ai denotes the ith row of A.
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denote the input length of the PIP (clearly, max fn;mg � I). Let C0 � 1 be a large enough
constant and set

B0 := min fC0 log I;Bg (> 1) (1.60)

and take

� := K0 max

�
1;
� K1m

OPT
�
�1=(B0�1)�

; (1.61)

where K1 > 1 and K0 � 1 are some constants. Then, the following bounds can be proven
using the Cherno� bound from Theorem 1.2.

E [Yi ] = O
�
(
e

�
)B

0+1
� 8i 2 [m]: (1.62)

This allows an estimation for the expected value of the objective function after the alter-
ation process.

E [w �x] =
OPT

�

�
�

mX
i=1

E [Yi ] =
OPT

�

�
�m �O �( e

�
)B

0+1
�
:

Derandomization

Derandomization is done via the construction of �nite deterministic automataA1; : : : ;Am+1

with polynomially many states which simulate the randomized algorithm described above.
We need certain assumptions on the precision of the occuring numbers.

All entries in A, w, x�, and x�

� are assumed to be rationals with denominator
2d, where d = � (log I), and all entries in A are assumed to be non-positive
powers of 2.

(1.63)

This can be achieved by appropriate modi�cations of these numbers, and a simple obser-
vation how we can get a feasible solution for the original instance from a solution for the
modi�ed one.

The automata (together with an appropriate distribution �) will simulate the randomzied
rounding, where y is constructed from x�, as follows.

� As inputs, all possible vectors from [0; 1]n with rational entries, each with de-
nominator 2d are accepted. They are represented as elements from f0; : : : ; 2dgn.

� Inputs are created randomly according to �, which is chosen to be the uniform
distribution.

� Let t1; : : : ; tn be such an input. For each l, the automata check whether tl �
2dE [yl ]� 1 and if so, behave as if yl = 1. Otherwise, they behave as if yl = 0.

The automata are layered with n+ 1 layers each, numbered from 0 to n. Transitions are
allowed only from one layer to the next. Layer 0 has one state only { the starting state. The
automata being in level l intuitively means that variables y1; : : : ; yl (and so x1; : : : ; xl) have
been �xed. This will become clearer in the following. Automata A1; : : : ;Am correspond
to the alteration process (where x is constructed from y) and Am+1 corresponds to the
randomized rounding (where y is constructed from x�).
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We start by describing Am+1, which is the simplest. For each layer l 2 f0; : : : ; ng,
although there are exponentially many choices for a 0/1-vector (y1; : : : ; yl), the following
set �l is of polynomial size only

�l :=

(
(
lX

j=1

wjyj ; l); (y1; : : : ; yl) 2 f0; 1gl
)
� Q�0 � flg :

This is true, because all these values are between 0 and n and all have denominator 2d =
2�(log I) = � (I). Hence, only O (nI) values are possible. The states in layer l are the
elements from the set �l.

For the transitions, assume that l < n and consider a state (!; l) 2 �l. There are
2dE [yl+1 ] edges going from (!; l) to (!+wl+1; l+1) 2 �l+1, with labels 0; : : : ; 2dE [yl+1 ]�1.
This corresponds to the case \yl+1 = 1". Then, there are 2d � (2dE [yl+1 ]� 1) edges from
(!; l) to (!; l + 1) 2 �l+1 with labels 2dE [yl+1 ] ; : : : ; 2d. This corresponds to the case
\yl+1 = 0".

Note that by assumption, E [yl+1 ] = x�

� is a fraction with denominator 2d.

We now turn to automata A1; : : : ;Am. Their states have to express the number of
variables which have to be altered (i.e., set to 0). Ai will essentially express Yi for i 2 [m].
Fix an i 2 [m] now. For given y1; : : : ; yl, we collect variables yj that correspond to matrix
entries aij of certain magnitudes and sum them up:

Uk(y1; : : : ; yl) :=
X
j�l

s.t. aij=2�k

xj for all k 2 f0; : : : ; dg : (1.64)

Denote the vectors

T (y1; : : : ; yl) := (U0(y1; : : : ; yl); : : : ; Ud(y1; : : : ; yl)): (1.65)

From T (y1; : : : ; yn) the value of Yi for y = (y1; : : : ; yn) can be infered. A �rst idea is to
de�ne the states in layer l of Ai to be all possible values of T (y1; : : : ; yl) with (y1; : : : ; yl)

ranging over all elements of f0; 1gl. This, however, can lead to superpolynomial state sets.
The solution is, intuitively, to summarize unimportant information so that the relevant

information can be expressed more succint. Before we start with that, one more assumption
on the PIP has to be made. We need that bi � C0 log I (for all i). This can be achieved
by multiplying the o�ending constraints \ai �x � bi" with C0 log I

bi
. Note that this motivates

(1.60). If this reduces the value of B, i.e., if B0 = C0 log I
bi

, the value of � increases (reducing
the approximation guarantee) but is upper-bounded by a constant. This can be seen by a
calculation, using that we may assume11 OPT� � 1.

We now turn to the more succinct representation of information. This is done in two
steps. First, values Uk(:) for large k are put together, resulting in shorter vectors T 0, which
take the role of the vectors T . Set

k0 := dlog(C0 log I)e and U 0(y1; : : : ; yl) :=
X
j�l

s.t. aij�2�k0

xj :

11A solution with value 1 can always be constructed by setting xj := 1 for some j where wj = 1 and all
other entries to 0.
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Then de�ne

T 0(y1; : : : ; yl) := (U0(y1; : : : ; yl); : : : ; Uk0�1(y1; : : : ; yl); U
0(y1; : : : ; yl)):

The second step is to characterize the interesting values the random variable T 0 can
assume. This will be a polynomially sized set and hence our choice for the automata states
(with one small addition of a \bad" state, see below). The following function will be usefull
as an upper bound on the interesting values:

g(k) := bi2
k + C02

k log I log log I:

De�ne the states Vl of layer l (for automata Ai) as follows.

Vl := f(u0; : : : ; uk0�1; u0; l) 2 Nk0+1
0 � flg; 8k 2 f0; : : : ; k0 � 1g : uk � g(k) and u0 � big

[ fbadlg
(1.66)

Transitions from layer l to l + 1, similarly as in Am+1, roughly correspond to the cases
of \yl+1 = 0" and \yl+1 = 1". However, more distinctions have to be made. First �x
a state u = (u0; : : : ; uk0�1; u

0; l) 2 Vl (which is not the bad state). Edges with labels
0; : : : ; 2dE [yl+1 ] � 1 go from u to (u0; : : : ; uk0�1; u

0; l + 1) 2 Vl+1. This corresponds to
the case \yl+1 = 0", in which obviously all values in u have to be maintained (except the
indication for the level in the last entry).

For the case \yl+1 = 1", there are edges with labels 2dE [yl+1 ] ; : : : ; 2d, which go from u
to...

� (u0; : : : ; uk + 1; : : : ; uk0�1; u
0; l + 1) 2 Vl+1 if there exists k 2 f0; : : : ; k0 � 1g s.t.

ail = 2�k and uk + 1 � g(k),

� (u0; : : : ; uk0�1; u
0 + 1; l + 1) 2 Vl+1 if ail � 2�k0 and u0 + 1 � bi,

� badl otherwise.

From a bad state, all 2d + 1 transitions go only to the next bad state. This is consistent
with the meaning of the states, because the entries in vectors used as the states are non-
decreasing in l, and hence once one of the bounds (\uk � g(k)" and \u0 � bi") is violated,
it will so be further on. It is also clear that the value of Yi can be read o� the �nal states
(in layer n), except from the bad state. If the automaton slips into the bad states, we have
no information on Yi, and hence to assume the worst, which is Yi = n. Fortunately, we can
bound the probability that this happens. The following lemma can be proven again using
Theorem 1.2.

LEMMA 1.7 If the constant C0 is chosen large enough, the probability that the automa-
ton reaches a bad state is at most 1

I3 .

Let Y 0
i be the random variable expressed by Ai. Then, the expected value of Y 0

i di�ers
from that of Yi by at most 1

I2 (because n � I). Hence the bound in (1.62) is only weakened
to

E [Y 0
i ] = O

�
(
e

�
)B

0+1 +
1

I2

�
:

Finally, we have to show that Vl has polynomial size. This can be checked by using

the de�nition of the bounding function g and that O (log I)
O(log log I)

can be bounded by a
polynomial in I.
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The construction is now ready for automata fooling. The approximation guarantee will
be reduced depending on the " used for the fooling. It su�ces to do absolute fooling, so we
give the analysis for this. A later remark will show a similar bound for the case of relative
fooling.

THEOREM 1.22 (Srinivasan 2001)

(i). There is a derandomized NC algorithm for packing integer programs which ful�ll
(1.63) that computes for every 1 > " > 0 a solution x 2 f0; 1gn for a PIP of
input length I with value

w �x � OPT
�

�
�m �O

�
(
e

�
)B

0+1 +
1

I2

�
� (m+ 1)":

(ii). The following bound holds for the general case, when (1.63) is not necessarily
given

w �x � 1

2

�
OPT

� � 2n
2d

�
�m �O

�
(
e

�
)B

0+1 +
1

I2

�
� (m+ 1)"

�
:

Proof (i). There are NC algorithms in the literature to construct a fractional solution
with an arbitrary small relative error [LN93]. For simplicity, we have not noted this error
in the given bounds, nor will do in the following.

Let X be the random variable denoting the �nal state of Am+1, which corresponds to the
value of the constructed solution. Let K3 � 2 be a constant such that X and Y1; : : : ; Ym
do not take on more than IK3 di�erent values. Such a constant { meaning: independent of
the given PIP { exists, since already the automata expressing these random variables have
polynomially many states. We use "0 = "

IK3
for automata fooling with an absolute error,

resulting in the expectations of X and Y1; : : : ; Ym having absolute error " (see Remark 1.5).
Let � be the original distribution (which is the uniform distribution on f0; : : : ; 2dgn) and �
the distribution created by the automata fooling algorithm. We have E� [X ] � E� [X ]�" =
OPT

�

� � ", and also E� [Y 0
i ] � E� [Y 0

i ] + " = O
�

( e� )B
0+1 + 1

I2

�
+ ".

(ii). If a given instance is not of the form in (1.63), we have to modify it �rst. This can be

done by rounding down all entries in w to the next real in
n
k
2d

; k 2 f0; : : : ; 2dg
o

. And we

only allow fractional solutions x� 2
n
k
2d

; k 2 f0; : : : ; 2dg
on

. For the fractional optimum of

the new instance OPT�0 it holds that OPT�0 � OPT
� � 2n

2d
. Next, we consider the impact of

rounding the entries in A. They are rounded down to the next non-negative power of 2. If
x is feasible for this new instance, then 1

2x is feasible for the original one. �

REMARK 1.7 If we use relative "-fooling, we can prove in a similar manner

w �x � (1� ")
�
OPT

�

�
�m �O

�
(
e

�
)B

0+1 +
1

I2

��
:

The number of parallel processors used by this algorithm and the running time depend
on the algorithm used for automata fooling, which { for the case of the fooling algorithm
presented in this chapter { in turn depends on the algorithm Red. Bounds for this are
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stated in Corollary 1.4 and Theorem 1.17. The polynomial size of the state space is essential,
because the quantity k depends on it, see (1.48).

Srinivasan claimes in [Sri01a] that a result similar to Theorem 1.22 holds for covering
integer programs and refers to the full verion. The full version had not appeared at the
time this chapter was written.

REMARK 1.8 Let B0 = 
 (logm), say B0 = C1 logm with C1 � 2, and K0 � 2e. Then
the �rst bound of Theorem 1.22 can be simpli�ed to

w �x � OPT
�

2K0(2 + o (1))
� o (1)� (m+ 1)":

Proof The assumption B0 = 
 (logm) leads to K
1

B0�1

1 = 1+o (1) and m
1

B0�1 � 2+o (1),
thus

� � K0 max
n

1; (2 + o (1))OPT��
1

C1 logm�1

o
� K0(2 + o (1));

because OPT
� � 1

2 . Furthermore mO
�
( e� )B

0+1
�

= mO (m�C1 ) = o (1), and trivially
m
I2 = o (1). The stated bound follows. �

At the end of this section, a very legitimate question is whether Theorem 1.22 can help
to improve the result for multidimensional bin packing (Theorem 1.19) in a way that the

quite restrictive lower bound condition on the bin sizes bi = 
 (n
1
2+�
p

log(nm)) can be
weakened to bi = 
 (log(nm)) for all i. We think that this should be possible by adapting
the proof of Theorem 1.22 to the scenario of randomized rounding with multivalued random
variables with equality constraints.

Bibliography and Remarks. Earlier derandomized NC algorithms for packing integer programs
were developed by Alon and Srinivasan [AS97]. For the case of bi = O (log(m + n)) for all i 2 [m]

their algorithm gives results within a 1 + o (1) factor of the sequential bound 

�
OPT

�

m1=B

�
achieved

before [RT87, Rag88]. By a scaling technique, for any c > 1, they can also solve general PIPs, but
only within a factor 1

c
of the sequential bound.

1.6 Open Problems

Parallel Computation of Low Discrepancy Colorings. The perhaps most challenging
algorithmic problem in combinatorial discrepancy theory is to give an e�cient algorithm
which computes for a hypergraph H = (V; E), say, with jV j = n = jE j, a 2-coloring with
discrepancy at most O (

p
n), matching the celebrated six standard-deviations bound of

Spencer [Spe85]. It would be interesting to explore the impact of automata fooling and
state space compression in this context.

Furthermore, 2-colorings for special hypergraphs with optimal or near-optimal discrep-
ancy can be obtained by the partial coloring method of Beck [Bec81]. A NC algorithm here
is not known. A very interesting example for research in this direction would be the hyper-
graph of all arithmetic progressions in [n]. Its discrepancy is � ( 4

p
n) (Matou�sek, Spencer

[MS96], Roth [Rot64]). The probabilistic method gives only O
�p

n2 log n
�

and the parallel

algorithm from Section 1.3.4 computes colorings of discrepancy O (n
1
2+"
p

log n), 1
2 � " � 1.

Any progress towards O ( 4
p
n), sequential or parallel, is of great interest.
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Sum of Dependent Random Variables. In the theoretical setting as well as appli-
cations of NC algorithm design with the probabilistic method, the underlying randomized
sequential algorithm is usually analyzed with concentration inequalities for sums of indepen-
dent random variables. But many combinatorial optimization problems show dependencies
among the variables in a linear programming model in a natural way. An interesting ex-
ample is the partial covering problem in graphs and hypergraphs (see [GKS04]). Here NC
algorithms are not known.

Parallelizing the Random Hyperplane Method. The celebrated algorithms of Goe-
mans and Williamson [GW95] for the max-cut problem can be e�ciently derandomized
(Mahajan, Ramesh [MR99]). An e�cient parallelization (RNC or NC algorithm) for the
random hyperplane method is terra incognita and a formidable challenge.

Practicability. Todays research in the area of e�cient algorithms is more and more
challenged by the legitimate question of practicability. Algorithms based on randomized
rounding are often practical, both because they are fast, easy to implement and of very
good performance of repeated several times [NRT87], [BS04]. NC algorithms designed
with the probabilistic method use a polynomial number of processors, and thus seem to
be impractical in view of real-world applications, where we have access to only a constant
number of parallel processors. Besides that, questions about communication overhead (e.g.,
synchronization, data communication between processors) or bottleneck situations when
accessing a shared memory arise. Interdisciplinary work together with computer engineers
will be necessary to get from theoretically e�cient to practically e�cient parallel algorithms.

This list is certainly incomplete. But we think that e�ort in these directions is sought to
advance the design of parallel algorithms through an interaction of theoretical and practical
issues.
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