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Abstract

In discrete probability theory, we often have to deal with infinite
sums. It usually is requested that such a sum converges uncondition-
ally, i.e., in any ordering and always to the same limit. (This is auto-
matically the case if the sum converges in one ordering and has only
got non-negative addends.) Unconditional convergence allows us to
reorder infinite sums as we like. However, not everything that may
look like a reordering at first glance is one in fact. A common move
is to partition the addends and to take the limit over each class of the
partition, then taking the limit over all those limits. In this note, we
prove a lemma stating that this leads to the same limit as the origi-
nal sum. In text books, this question often is not addressed but the
partitioning is incorrectly described as a “reordering”.

For example, we encounter such a situation when we prove the well-
known identity E(X) =

∑
x∈R xP(X = x) for a real-valued random

variable X, expectation being defined as E(X) :=
∑

ω∈Ω X(ω)P({ω}).
In addition to proving the lemma, we will in this note elaborate on
this example and give two other examples from elementary discrete
probability theory where the lemma is of use.

Unconditional convergence allows us to reorder infinite sums as we like. For-
mally, a reordering of a sum

∑∞
k=1 ak is a sum

∑∞
k=1 aα(k), where α : N −→ N

is a bijective mapping. Not everything that may look like a reordering at
first glance is one in fact. A common move is to partition the addends and
to take the limit over each class of the partition, then taking the limit over
all those limits. For example, this is utilized to prove the well-known iden-
tity E(X) =

∑
x∈R xP(X = x) for a real-valued random variable X. The

expectation is defined as E(X) :=
∑
ω∈ΩX(ω)P({ω}), where X : Ω −→ R

and the sum is requested to converge unconditionally. We write:

E(X) =
∑
ω∈Ω

X(ω)P({ω}) (∗)=
∑
x∈R

∑
ω∈Ω:

X(ω)=x

X(ω)P({ω})
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=
∑
x∈R

∑
ω∈Ω:

X(ω)=x

xP({ω}) =
∑
x∈R

x
∑
ω∈Ω:

X(ω)=x

P({ω}) =
∑
x∈R

xP(X = x) .

At (∗) we do partitioning. Instead of taking the limit over all ω ∈ Ω, we take,
for each x ∈ R, the limit over all ω ∈ Ω that map to x under X, and finally
take the limit over all those limits (indexed by x ∈ R). This partitioning
is most often described as “reordering” in text books and not explained
any further, most probably because reordering is covered by unconditional
convergence. But unlessX−1(x) = {ω ∈ Ω; X(ω) = x} has finite cardinality
for each x ∈ R, it is not just a reordering. In this note, we prove a general
lemma stating that this step is correct nonetheless.

Before we turn to the lemma and the proof, we give two more exam-
ples of applications in discrete probability theory. Let Ω be countable and
p : Ω −→ [0, 1] a stochastic vector, i.e.,

∑
ω∈Ω p(ω) = 1. Then P : 2Ω −→

[0, 1], A 7→
∑
ω∈A p(ω) is a probability measure. While proving this, we

have to consider a series of pairwise disjoints events (An)n∈N and show
P(
⋃
n∈NAn) =

∑
n∈NP(An). This is again a partitioning, not a reordering.

We have to transform
∑
ω∈A1∪A2∪... p(ω) into

∑
ω∈A1 p(ω)+

∑
ω∈A2 p(ω)+. . ..

That is, we have to show that taking the limit over the union
⋃
n∈NAn is

the same as taking the limit over each set An, n ∈ N, and finally taking the
limit over all those limits.

As a third example, we consider the product measure. Let (Ω1, 2Ω1 ,P1)
and (Ω2, 2Ω2 ,P2) be discrete proability spaces, and denote Ω := Ω1 × Ω2.
Then p : Ω −→ [0, 1], (ω1, ω2) 7→ P({ω1})P({ω2}) is a stochastic vector.
The measure defined by p is called the product measure of P1 and P2.
Proving that p is in fact a stochastic vector, we require sum partitioning
again. We write:∑
ω∈Ω

p(ω) =
∑

(ω1,ω2)∈Ω
p(ω1, ω2) =

∑
(ω1,ω2)∈Ω

P1({ω1})P2({ω2})

(∗)=
∑
ω1∈Ω1

∑
ω2Ω2

P1({ω1})P2({ω2}) =
∑
ω1∈Ω1

P1({ω1})
∑
ω2Ω2

P2({ω2})

=
∑
ω1∈Ω1

P1({ω1}) · 1 = 1 .

The innocent-looking transformation marked with (∗) is the partitioning.
Instead of taking the limit over all (ω1, ω2) ∈ Ω, we take, for each ω1 ∈ Ω1,
the limit over all ω2 ∈ Ω2, and then take the limit over all those limits
(indexed by ω1 ∈ Ω1). Pulling “P1({ω1})” out of the inner sum on the
other hand is only an application of the following simple and well-known
rule: If a sequence (ak)k∈N converges to limit a, then for each c ∈ R the
sequence (cak)k∈N converges to limit ca.

In case of this last example, we could have instead invoked a classical
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result, namely the Cauchy product. It yields directly∑
(ω1,ω2)∈Ω

P1({ω1})P2({ω2}) =
( ∑
ω1∈Ω1

P1({ω1})
) ( ∑

ω2∈Ω2

P2({ω2})
)
.

But there appears to be no way that the Cauchy product could help us in
the other two examples.

Now we turn to our lemma and its proof. Our proof consists mainly of
technically involved applications of Cauchy’s condition. Cauchy’s condition
states that a series

∑∞
k=1 ak converges if and only if for each ε > 0 there

exist n0 such that ∣∣∣∣ n2∑
k=n1+1

ak

∣∣∣∣ < ε for all n0 ≤ n1 ≤ n2.

We also recall that a sum
∑∞
k=1 ak is called absolutely convergent if∑n

k=1 |ak| converges. It is well known that an absolutely convergent sum
is unconditionally convergent, and vice versa. We will usually use the term
“absolute convergence” instead of “unconditional convergence” from now on.

Lemma. Let (ak)k∈N be a real sequence. Let (Pi)i∈N be a partition of N,
i.e., �⋃

i∈N Pi = N. For each i ∈ N denote Ai := {ak; k ∈ Pi} and assume

Ai ⊆ (−∞, 0] or Ai ⊆ [0,∞) . (1)

Then the following two conditions are equivalent:
(a) The series

∑
k∈N ak is absolutely convergent.

(b) For each i ∈ N, the series
∑
k∈Pi

ak is absolutely convergent; denote si
its limit. The series

∑
i∈N si is absolutely convergent.

If one condition holds – and so both – then
∑
k∈N ak =

∑
i∈N si.

Which case in condition (1) holds, is allowed to be different for different i.
Note once again that the two series

∑
k∈N ak and

∑
i∈N si =

∑
i∈N

∑
k∈Pi

ak
are not just reorderings of each other (unless each Pi has finite cardinality).

We show in detail how to apply the lemma to prove

E(X) =
∑
x∈R

xP(X = x) . (2)

We enumerate all samples Ω = {ω1, ω2, . . .}, then define ak := X(ωk)P({ωk})
for each k ∈ N. This establishes (a) in the lemma. Then we enumer-
ate the image X(Ω) = {x1, x2, . . .}. For each i ∈ N denote Pi := {k ∈
N; X(ωk) = xi}. Then Ai = {X(ωk)P({ωk}); k ∈ Pi} = {xiP({ωk}); k ∈
Pi}. This shows (1) since probabilities are non-negative; whether we have
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Ai ⊆ (−∞, 0] or Ai ⊆ [0,∞) depends on xi. Now the lemma states that∑
i∈N

∑
k∈Pi

ak converges to E(X). We so have

E(X) =
∑
i∈N

∑
k∈Pi

ak =
∑
i∈N

∑
k∈Pi

X(ωk)P({ωk}) =
∑
i∈N

∑
k∈Pi

xiP({ωk})

=
∑
i∈N

xi
∑
k∈Pi

P({ωk}) =
∑
i∈N

xiP(X = xi) =
∑
x∈R

xP(X = x) .

Proof of the lemma. For each i ∈ N we enumerate the indices in Pi by
k

(i)
1 < k

(i)
2 < . . .. Denote a(i)

j := a
k

(i)
j

for each j ∈ {1, . . . , |P |} if Pi has

finite cardinality and for each j ∈ N otherwise. If Pi is finite we set a(i)
j := 0

for all j > |P |. Then si =
∑
j∈N a

(i)
j and also |si| =

∑
j∈N |a

(i)
j | due to (1).

“(a) =⇒ (b)” Absolute convergence of
∑
k∈Pi

ak is clear for each i ∈
N, since

∑
k∈N ak is absolutely convergent. (Realize that the sequence

(
∑n
k=1 |ak|)n∈N is non-decreasing and bounded.)
Let

∑
k∈N ak be absolutely convergent to limit a. Then

∑∞
d=2

∑
(i,j): i+j=d a

(i)
j

converges to a, since it is a reordering of that series (the ordering in the in-
ner sum is irrelevant, since it is finite). We use Cauchy’s condition to show
that

∑
i∈N |si| is convergent. Let ε > 0. Then, by Cauchy’s condition, there

exists d0 such that∣∣∣∣∣
d2∑

d=d1+1

∑
(i,j):
i+j=d

|a(i)
j |
∣∣∣∣∣ < ε/2 for all d0 ≤ d1 ≤ d2. (3)

In particular, we have∣∣∣∣∣
i2∑

i=i1+1

n∑
j=1
|a(i)
j |
∣∣∣∣∣ < ε/2 for all d0 − 1 ≤ i1 ≤ i2 and all n. (4)

To see this, note that “i+j” is always large enough in the inner sum, namely
at least d0 + 1.

We show that Cauchy’s condition also holds for the series in question.
Let d0 − 1 ≤ i1 ≤ i2. We choose n0 large enough so that∣∣∣∣|si| − n∑

j=1
|a(i)
j |
∣∣∣∣ < ε

2(i2 − i1) for all n0 ≤ n and i ∈ {i1 + 1, . . . , i2}. (5)

Then, using any n ≥ n0,

i2∑
i=i1+1

|si| =
i2∑

i=i1+1

(
|si| −

n∑
j=1
|a(i)
j |+

n∑
j=1
|a(i)
j |
)
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≤
∣∣∣∣∣

i2∑
i=i1+1

(
|si| −

n∑
j=1
|a(i)
j |
)∣∣∣∣∣+

∣∣∣∣∣
i2∑

i=i1+1

n∑
j=1
|a(i)
j |
∣∣∣∣∣

≤
i2∑

i=i1+1

∣∣∣∣|si| − n∑
j=1
|a(i)
j |
∣∣∣∣+ i2∑

i=i1+1

n∑
j=1
|a(i)
j |

(5)
<
ε

2 +
i2∑

i=i1+1

n∑
j=1
|a(i)
j |

(4)
<
ε

2 + ε

2 = ε .

By Cauchy’s condition, the series
∑
i∈N |si| is convergent.

“(b) =⇒ (a)” Let
∑
i∈N si be absolutely convergent with limit s. We

show that the series over (
∑

(i,j): i+j=d a
(i)
j )d=2,...,∞ converges to s as well.

Then we invoke this result on
∑
i∈N |si| instead of

∑
i∈N si. Since then all

summands are non-negative, this yields something slightly stronger, namely
convergence of

∑∞
d=2

∑
(i,j): i+j=d |a

(i)
j |; this is a series over (|ak|)k∈N in some

order. This implies absolute convergence of
∑
k∈N ak. We also know then

that the limit of
∑
k∈N ak and that of

∑
i∈N si are both s.

So all left to show is
∑∞
d=1

∑
(i,j): i+j=d a

(i)
j = s. To this end, let ε > 0.

First we exploit (absolute) convergence of
∑
i∈N si. We choose m0 so that∣∣∣∣s− m∑

i=1
si

∣∣∣∣ < ε

3 for all m0 ≤ m (6)

and, using Cauchy’s condition and absolute convergence,
m2∑

i=m1+1
|si| <

ε

3 for all m0 ≤ m1 ≤ m2. (7)

By (1), we have∑
j∈J
|a(i)
j | ≤ |si| for each i and any index set J . (8)

Having m0 fixed, we exploit that for each i ∈ {1, . . . ,m0} the series∑∞
j=1 a

(i)
j converges to si. We choose n0 large enough so that

∣∣∣∣si − n∑
j=1

a
(i)
j

∣∣∣∣ < ε

3m0
for all n0 ≤ n and i ∈ {1, . . . ,m0}. (9)

Let d0 := m0 + n0 and d0 ≤ d′. For later, we note

{(d, i); 2 ≤ d ≤ d′ ∧ m0 + 1 ≤ i ≤ d− 1}
={(d, i); i+ 1 ≤ d ≤ d′ ∧ m0 + 1 ≤ i ≤ d′ − 1} .

(10)
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Then: ∣∣∣∣∣s−
d′∑
d=2

∑
(i,j):
i+j=d

a
(i)
j

∣∣∣∣∣
=
∣∣∣∣∣s−

d′∑
d=2

( ∑
(i,j):
i+j=d
i≤m0

a
(i)
j +

∑
(i,j):
i+j=d
i>m0

a
(i)
j

)∣∣∣∣∣

=
∣∣∣∣∣s−

m0∑
i=1

si +
(
m0∑
i=1

si −
d′∑
d=2

∑
(i,j):
i+j=d
i≤m0

a
(i)
j

)
−

d′∑
d=2

∑
(i,j):
i+j=d
i>m0

a
(i)
j

∣∣∣∣∣
(6)
<
ε

3 +
∣∣∣∣∣
m0∑
i=1

si −
d′∑
d=2

∑
(i,j):
i+j=d
i≤m0

a
(i)
j

∣∣∣∣∣+
∣∣∣∣∣
d′∑
d=2

∑
(i,j):
i+j=d
i>m0

a
(i)
j

∣∣∣∣∣

= ε

3 +
∣∣∣∣∣
m0∑
i=1

si −
m0∑
i=1

d′∑
d=2

∑
j:

i+j=d

a
(i)
j

∣∣∣∣∣+
∣∣∣∣∣
d′∑
d=2

d−1∑
i=m0+1

∑
j:

i+j=d

a
(i)
j

∣∣∣∣∣
= ε

3 +
∣∣∣∣∣
m0∑
i=1

si −
m0∑
i=1

d′∑
d=i+1

a
(i)
d−i

∣∣∣∣∣+
∣∣∣∣∣
d′∑
d=2

d−1∑
i=m0+1

a
(i)
d−i

∣∣∣∣∣
= ε

3 +
∣∣∣∣∣
m0∑
i=1

si −
m0∑
i=1

d′−i∑
j=1

a
(i)
j

∣∣∣∣∣+
∣∣∣∣∣
d′−1∑

i=m0+1

d′∑
d=i+1

a
(i)
d−i

∣∣∣∣∣ (10) for 2nd sum

≤ ε

3 +
m0∑
i=1

∣∣∣∣∣si −
d′−i∑
j=1

a
(i)
j

∣∣∣∣∣ +
∣∣∣∣∣
d′−1∑

i=m0+1

d′∑
d=i+1

a
(i)
d−i

∣∣∣∣∣
(9)
≤ ε

3 +
m0∑
i=1

ε

3m0
+
∣∣∣∣∣
d′−1∑

i=m0+1

d′∑
d=i+1

a
(i)
d−i

∣∣∣∣∣
note that d′ − i ≥
(m0 + n0)−m0 = n0
for i ≤ m0

(8)
≤ ε

3 + ε

3 +
d′−1∑

i=m0+1
|si|

(7)
≤ ε

3 + ε

3 + ε

3 = ε .
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