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Abstract

We study the numerical integration problem for functions with infinitely many
variables which stem from a weighted reproducing kernel Hilbert space. We study
the worst case e-complexity which is defined as the minimal cost among all algo-
rithms whose worst case error over the Hilbert space unit ball is at most €. Here we
assume that the cost of evaluating a function depends polynomially on the number
of active variables. The infinite-dimensional integration problem is tractable if the
e-complexity is bounded by a constant times a power of 1/¢. The smallest such
power is called the exponent of tractability.

We provide improved lower bounds for the exponent of tractability for general
finite-order weights and, with the help of multilevel algorithms, improved upper
bounds for three newly defined classes of finite-order weights. The newly defined
finite-intersection weights model the situation where each group of variables inter-
acts with at most p other groups of variables, p some fixed number. For these
weights we obtain sharp upper bounds for any decay of the weights and any poly-
nomial degree of the cost function. For the other two classes of finite-order weights
our upper bounds are sharp if, e.g., the decay of the weights is fast or slow enough.

Furthermore, we deduce a lower bound for the exponent of tractability for arbi-
trary weights and a constructive upper bound for product weights.

1 Introduction

Integrals over functions with an unbounded or infinite number of variables are impor-
tant in quantum chemistry and physics, as well as in financial mathematics, see, e.g.,
8, 39] and the references mentioned therein. In this paper we study the numerical inte-
gration problem for functions defined over the infinite-dimensional unit cube [0, 1]. The
functions belong to a reproducing kernel Hilbert space H. Its kernel is built up from
weighted sums of products of the 1-dimensional reproducing kernel K (z,y) = min{z, y}.



The role of the weights ~ is to moderate the importance of different groups of vari-
ables. In fact, the infinite-dimensional integration problem consists of infinitely many
finite-dimensional integration sub-problems of varying importance, and the importance
of each sub-problem is proportional to the corresponding weight. The finite-dimensional
integration sub-problems are intimately related to Lo-star discrepancy.

We assume that the evaluation of functions from H. is only possible at points with
finitely many components different from zero. (We call these components “active vari-
ables”.) Furthermore, we assume that the cost of a single evaluation depends polynomially
on the number of components different from zero.

We study the worst case e-complexity which is defined as the minimal cost among
all algorithms whose worst case error over the Hilbert space unit ball is at most €. The
infinite-dimensional integration problem is said to be (polynomially) tractable if the e-
complexity is bounded by a constant times a power of 1/e. The smallest such power is
called the exponent of tractability.

Tractability of numerical integration for functions with an infinite number of variables
has been studied, e.g., in [3, 18, 20, 22, 24, 28, 29, 34, 39]. Except of [20, 34, 39] all of
these papers consider varying cost of function evaluations.

In this paper we study the setting proposed in [22]|. In particular, we improve upper
and lower bounds for the exponent of tractability provided in [22] for finite-order weights,
and improve on the upper bound given in [22] for product weights.

Let us explain our results in more detail. After describing the setting in Section 2,
we study finite-order weights in Section 3. For finite-order weights « of order w, each
function from the Hilbert space . can be represented as a (usually infinite) sum of
functions that depend on at most w variables. Upper and lower bounds on the exponent
of tractability have been provided in [22, Sect. 4]. The upper bound from [22] was achieved
by employing an algorithm that uses only function evaluations at points with at most w
non-zero components.

In Section 3.1, we prove some lower bounds for the exponent of tractability. In The-
orem 3.2 we show that if we restrict the class of admissible algorithms to those that use
for fixed B > w only function evaluations at points with at most B non-zero components,
then the upper bound on the exponent of tractability provided in [22, Sect. 4] is indeed
sharp. We additionally introduce “cut-off weights” 4(?) and quantities t*, o = 1,2, ...,
which allow us a more careful analysis of the dependence of the infinite-dimensional in-
tegration problem on the given weights <. This analysis enables us to improve the lower
bound on the tractability exponent for general algorithms from [22, Sect. 4], see Theorem
3.4. Afterwards we illustrate our lower bounds for three newly defined classes of finite
order weights:

e finite-intersection weights (which, in particular, include finite-diameter weights),

e finite-product weights (which are defined as the product weights introduced by Sloan
and Wozniakowski in [36], except that all weights of sets of variables with cardinality
larger than some fixed w are set to zero),



e lexicographically-ordered weights (whose properties complement the properties of
the other two classes of weights).

In Section 3.2, we introduce an algorithm for the infinite-dimensional integration prob-
lem. It is especially useful in the case where the polynomial degree s of the cost function
is less than the order w of the finite-order weights. As we will explain later, this case is
indeed the most important one. The algorithm combines a multilevel idea with quasi-
Monte Carlo integration using sample points whose projections onto important sets of
coordinates exhibit a small Lo-star discrepancy. Multilevel algorithms for numerical inte-
gration have been introduced by Heinrich [15, 16] and Giles [8, 9]. Furthermore, multilevel
algorithms have been used for infinite-dimensional integration in [3, 10, 18, 24, 29]. For
further references to multilevel ideas see the literature mentioned in these papers.

We use our algorithm to improve the upper bound on the tractability exponent from
[22] for the three classes of finite-order weights mentioned above.

In the case of finite-intersection weights our upper bound matches our lower bound
for all values of s and any decay of the weights, see Theorem 3.12. This is the first class
of weights for which the exact exponent of tractability is known for any possible decay
of the weights and for any polynomial degree of the cost function. The result relies, in
particular, on the discrepancy result proved in Proposition 3.11.

Our upper bounds for lexicographically-ordered and finite-product weights match the
corresponding lower bounds if, e.g., the decay of the weights is fast or slow enough, see
Theorem 3.14 and 3.16.

In Section 4, we apply our methods and results for finite-order weights to the case
of arbitrary weights. In Section 4.1, we state a new lower bound for the exponent of
tractability for arbitrary weights, which is a direct corollary of Theorem 3.4. In particular,
it generalizes the non-trivial lower bound for product weights that was proved in [22].

As already mentioned, our multilevel algorithm is especially useful for finite-order
weights if s < w. For weights that are not of finite order, we have formally w = oo; we call
such weights “infinite-order weights”. Therefore it is not too surprising that our algorithm
should also lead to good results for infinite-order weights. We illustrate this for product
weights in Theorem 4.2. The upper bound provided there improves significantly on the
bounds provided in [22; Sect. 3]. In particular, we show that the exponent of tractability
p* takes the optimal value p* = 1 if the decay of the weights is sufficiently fast. In
contrast, if s > 0 and the weights do not decay super-polynomially, the upper bound on
p* from [22) Sect. 3] is strictly larger than 1. Moreover, our upper bound also matches
the lower bound in the case where s < 1 and the decay of the weights is sufficiently slow.
Independently from our work, the same result has been proved in the recent paper [29] by
a different analysis for an alternative cost model, the so-called variable subspace sampling
model. We will discuss this cost model and the result from [29] in detail in Remark 4.4.

Between the submission and the revision of this article, two new papers on infinite-
dimensional integration were completed [2, 33]. Both papers treat the randomized setting,
and [33] in addition also the worst case (deterministic) setting. We added a brief discussion
of the worst case setting results from [33] in Remark 4.5.



Although we confine ourselves for the sake of clarity to explicit upper bounds for
four classes of weights, we stress that our multilevel algorithm together with our generic
(weight-specific) choice of quasi-Monte Carlo points from Proposition 3.9 is applicable to
any class of weights.

Our results can be extended to more general reproducing kernel Hilbert spaces. Since
this paper is already rather long, we do not discuss these kinds of generalizations in detail.
Natural function space settings to which our analysis and our algorithm can be generalized
are, e.g., considered in [22, Sect. 5] and [29].

2 The Setting

In this paper, we consider the setting studied in [22]. Let us recall the basic notions from
22, Sect. 2] and add some definitions and notation that are helpful to describe our results.

Let us start with some general notation: For d € N we denote by [d] theset {1,2,...,d}.
Furthermore, we denote the cardinality of a finite set A by |A|.

2.1 Weights

Let v = {7u}uci:ju/<co be a given set of non-negative numbers +, that are called weights.
For a given set of weights v we denote by 4 the set of weights defined by

A =37 for all finite u C N. (1)

Weights « are called finite-order weights of order w if there exists an w € N such that
v = 0 for all u € N with |u| > w. Finite-order weights were introduced by Dick et al. in
[5] for spaces of functions with a finite number of variables.

The weights we introduce in the following definition will be essential for our analysis.

Definition 2.1. For weights v and o € N let us define the cut-off weights of order o

(2)

g g 3 g /y j'f |u| S 0-7
7( ) = {/71(1 )}uCN;|u|<oo via ’71(1 ) = ¢ .

0 otherwise.
Clearly, cut-off weights of order ¢ are in particular finite-order weights of order o.
Let us now assume that we have a bounded set of weights {%ﬂa) Fucnyju<oo that has
0 as sole accumulation point. Note that the set {u C N||u| < oo} is infinite, but still
countable. Thus let us denote by u; (o), us(0),. . ., the non-empty sets u C N with w7 >0
(o)
2(
for 0 = 0o; then we have obviously 4(®) = ~. For convenience we will usually suppress

any reference to o in the case where o = co. For 0 € NU {oo} let us define

for which /7\5(:()0) > 7, o) = - Let us put ug(o) := (). We can make the same definitions

o

tailyo(d) == ) Gy € [0,00] and  decay, , = sup {p © R‘ Jim, Ao = 0}'
J=d+1



Next we define quantities that describe for o € NU{oo}, roughly speaking, the density
of the set system {u;(0),us(0),...} in {v C N||v] < co}. As we shall see later, these
quantities provide essentially an upper bound on the efficiency of projection, i.e., on the
number of non-trivial finite-dimensional integration sub-problems we can tackle by using
sample points with active variables in coordinate sets v C N, |o]| < oc.

Definition 2.2. For 0 € NU {co} let t* € [0, 00] be defined as
tr=inf{t>0]3C,>0VoCN:[o]<oo = [{i € N|u(o) C v} < Cv|'}.

Let 0 € N. Since |u;(0)| < o for all i € N, we have obviously tf < . On the other
hand, if we have an infinite sequence {u;(c)}en, it is easy to see that t; > 1. Indeed,
define Vj, = UF_ u;(0). Then k < |{i € N|u; (o) C Vi}| and |Vi| < ko. Thus, if there
exist t,C; > 0 such that [{i € N|u;(0) C Vi}| < C|Vi|* for all k£ € N, then necessarily
Cy; > k'=to~t for all k. Hence ¢t > 1.

2.2 Weighted Hilbert Spaces

In this subsection, we define the weighted reproducing kernel Hilbert spaces whose func-
tions serve as our integrands. Our standard reference for basic properties of reproducing
kernel Hilbert spaces and their kernels is [1]. Additional information about the reproduc-
ing kernel Hilbert spaces we consider here can, e.g., be found in [20, 22].
Let
K :[0,1] x[0,1] = R be given by K(z,y) := min{z,y}.

K is a reproducing kernel, and the corresponding reproducing kernel Hilbert space H(K)
is the space of absolutely continuous functions f : [0,1] — R with f(0) = 0, whose weak
derivatives f’ are in Ls([0, 1]), the space of square-integrable functions on [0, 1]. Its inner
product is given by

<mmmzﬁf@ﬂmm

and the reproducing property reads as
flx) = (f,K(x,"))uk) forall fe H(K),zel0,1]

Let v = {7 }ucnuj<oo be a given set of weights. If not explicitly stated otherwise, we
always require that

%=1 and > w <o (3)

uCN; Ju|<oo

and assume furthermore that for at least one finite, non-empty subset u of N we have
Y > 0. Note that (3) implies that decay.,, > 1 for all o € N U {oo}. For infinite-
dimensional vectors x,y € [0, 1]N, define

Ky(z,y) = Z T Ku(z, y), (4)

uCN; Ju|<oo
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where
= [[K(59) = [ [min{z;, 4}
J€EuU JEu

Here we use the convention that the empty product is 1. Since the function K takes only
values in [0, 1], condition (3) implies that K is pointwise well-defined and bounded. It is
well known that K, and K, are also reproducing kernels, see [1]. The reproducing kernel
Hilbert space H~ := H(K,) corresponding to K. consists of functions f,g : [0,1]¥ — R
which are once weakly differentiable with respect to all variables, and their mixed weak
derivatives are square integrable. Its inner product is given by

|u| [u]
(o ghw, = F(0)g(0) + / O (@0) L gl 0) da,  (5)

8zc ox
uCN; 1<\u|<oo Al &5 u

where we use the convention 0/0 = 0. Here, &, = (z,);ey is a vector with |u| components
and (z,;0) denotes the vector y = (y1,92,...) € [0, 1]N with y; = z; if j € u and y; =0
otherwise. Furthermore, 0"/ /0, is a simplified notation for [] jeu(0/0z5). We denote the
norm in H~ by || - |3, If 7 = 0, then we have for all f € H,

ol

8wuf(azu; 0)=0 for almost all , € [0, 1]".

For a finite subset u C N, let H(K,) denote the Hilbert space with reproducing kernel K.
For u = () we have H(Ky) = span{l}, where 1 is the constant function taking only the
value 1. For non-empty u, a function in H(K,) depends only on the variables z;, j € u,
and vanishes whenever x; = 0 for some j € u. For u # (), the inner product in H(K,) is

ol ol
r Dy = /[ F(@0) L g(,:0) i,

071]\11\ 8a:u awu

implying
113, = 7 21l for all f € H(KL). (6)

For u # v the spaces H(K,) and H(K,) are orthogonal, i.e., the space H, is the direct
orthogonal sum

= P HK).

uCN;|u|<oo

For finite u C N, let P, denote the orthogonal projection
Pu:HW%H(Ku)afou- (7)

Then any function f € H, has the unique orthogonal representation

f= > f with fu=PR(f) € HEK). (8)

uCN; |u|<oo



This implies

I, = D Ml = > %'lfullfw:

uCN; |u|<oo uCN; Ju|<oo

The decomposition in (8) is a special case of the projection decomposition discussed in
[20] and the infinite-dimensional generalization of the anchored decomposition discussed
in [23], with anchor at the origin. As already said, each function f, depends only on the
variables with indices in u. To stress this fact we write, as in [22],

fu(w) = fu(a:u;o) = fu(wu)§
here and in the rest of the paper we use the convention to denote for a vector « € [0, 1]¥
the |u|-dimensional vector (z;) ey by .
2.3 Infinite-dimensional Integrals

For f € H,, we want to approximate the infinite dimensional integral

L= [ s@ae

where dz is the infinite product measure of the Lebesgue measure restricted to [0, 1].
Since f(x) = (f,Ky(x,)),, forall f €y and all @ € [0, 1]N, we can represent Z, as

Ioo(f) = <f7 h>H,Y for all f € H’)’a
where the representer h € H, is given by
1
h(z) = / Ka@ydy = > wl]] (:rj— 5:1:5).
0.1] uCN;|u|<oo JEu
The operator norm of the functional Z, is given by

1/2
Tl =i, = (35 &)

uCN; Ju|<oo

For finite u C N and f € H,, define I, :=Z o B, i.e., L,(f) = (f, Pu(h))n,- Thus

L= [ e da

and the representer h, of I, is given by
(e = Pt =] (5 - 322
JEU
Using this notation, we get

To(f)= > IL(f) forall feH,.

uCN;|u|<oo



2.4 Algorithms

As in [22], we assume that we can compute f(x) only for & € [0, 1]N with finitely many
components different from zero. We further assume that for each f € H,, each finite
u C N, and each vector x,, whose components are all different from zero, the cost of
computing f(ax,;0) is equal to $(|u|) for a given non-decreasing cost function

$: Ny — [1,00), (9)

where Ny := {0} UN. For our lower bounds we will usually assume $(k) = Q(k*) (i.e.,
k* = O($(k)) ), for our upper bounds $(k) = O(k*) for some non-negative s.

Since the problem of approximating 7., is linear and we want to study the worst
case error of algorithms over a convex and balanced set, it is known, see, e.g., [38], that
nonlinear algorithms and adaption do not help. Due to this, we consider without loss of
generality linear algorithms of the form

Q(f) = Zai f(=;0) (10)

for some n € N, finite sets v; C N, a; € R, and sampling points (:1:n ;0) fori=1,2,.

where we assume that all components of a:t(,z) are non-zero.
The cost of the algorithm @ is then defined by

cost(Q) := Z$(|UZ|) (11)

The worst case error of Q is defined by

e(QHy) == sup |Zuo(f) = QU = Zoc — Qllnt,-

11l <1

We may express the approximation error as

To(f) = Q(f) = (frh = Do)y, , where hg —Zaz ((0);0), ).

=1

This implies, in particular, e(Q;Hy) = ||Zoo — Qlln, = ||k — hol|n, - For a finite u C N,
define Q, := Qo P, i.e.,

Qu(f) = (. Puha))w, = D ai fula(;0). (12)

:uCo;

Due to (4) and the uniqueness of the orthogonal representation (8), the representer hg,
of Q, is given by

houw=Pulho) = > aiwKu((x;0),).

2:uCo;

8



Using this notation, we get

AN =Y, Q) (13)

uCN;|u|<oo
and the useful identity

(@HE= D M- Qlk, = Y wlhi— Qi (14)

uCN;ju|<oo uCN;ju|<oco

Please note that (13) is just a mathematical identity and not a description of how the
algorithm @) is actually executed. If we speak about an algorithm @ of form (10), then it
will always be executed in its form (10). Consequently, its cost is always given by (11).

2.5 Discrepancy

High- and infinite-dimensional integration on reproducing kernel Hilbert spaces are in-
timately related to discrepancy, see, e.g., the papers [17, 36, 20, 30, 11] or the recent
monograph [32]. In particular, for finite u C N the worst case error of multivariate
numerical integration on H(K),) is related to the Lo-star discrepancy.
For a point set T' = {tM ... ™} c [0, 1] and coefficients a = (ay, ..., a,) € R" let
us define the Ly-star discrepancy of T with respect to a by
1/2

2
discy (@, T) = / . (H Tj — Z o:cu)(t(j))> da, )
[0,1]1v

JEu 7j=1

where [0, z,) = [[,,[0, ;) and 1o 4,) denotes the characteristic function of the set [0, z,).
In the case where all coefficients are a; = 1/n, we suppress the explicit reference to a.

Let 1 := (1,1,...,1) € [0,1]* and denote the points 1 — t¥) by ¥ and the set
{E(”,Z(z), o ,Z(n)} by T. If the linear algorithm Q, is given by

u) = iaifu(t(i)) for fu € H(Ku)a
=1

then it is well known that the worst case error of approximating I, by Q, is

e(Qu H(IK)) = |11 = Qullnee, = dischy(a, T), (15)

see, e.g., [32, Ch. 9]. In particular, we have for the zero algorithm, i.e., the algorithm
which approximates I,(f) for all f by 0,

e(0, H(K.)) = |[Lull e,y = 3772 (16)

Another important discrepancy measure is the star discrepancy of T with respect to the
set of coefficients a, given by

discy, (@, = sup Hm] Zajl[om)(t(j))-

wu€01]|\ jeu =1

9
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Obviously, we have always disc, |, (a,T') < discg, (@, T). This is a useful relation, since
the star discrepancy of projections of a point set is always as most as large as the star
discrepancy of the point set itself and the construction of point sets with low star discrep-
ancy has been intensively studied in the past, see, e.g., the papers [14, 37, 7, 25, 27, 21, 6],
the monographs [26, 32|, and the literature mentioned therein.

2.6 Polynomial Tractability

The worst case e-complexity is defined as the minimal cost among all algorithms of the
form (10), whose worst case errors are at most ¢, i.e.,

comp(e; H) = inf {cost(Q) | Q is of the form (10) and e(Q;H,) <e}.  (17)

The integration problem Z, is said to be polynomially tractable if there are non-negative
constants C' and p such that

comp(e;Hy) < Ce™? for all £ > 0. (18)
The exponent of polynomial tractability is given by

p* = p*(7y) := inf{p| p satisfies (18)}.

If u # (), then it is well known that for the space H(K,) the minimal worst case error of
algorithms using n function values is of order at least n=!. Since we assumed in Sect. 2.1
that at least one 7, is positive for some u # @, we have comp(e; H,) = Q(¢71), and
therefore p* > 1. Essentially, 1/p* is the optimal convergence rate of the Nth minimal
worst case error

ex(N) :=inf{e(Q; H~) | Q is of the form (10) and cost(Q) < N}. (19)

One can, of course, also be interested in studying different notions of tractability. For
multivariate problems such notions have been defined and studied, e.g., in [12, 13, 31].
Here in this paper we focus solely on polynomial tractability. That is why we use from
now on the short-hand “tractability” for “polynomial tractability”.

3 Finite-Order Weights

Let us consider finite-order weights v = {7y }ucnjuj<oo Of order w. Due to our convention
of notation, we have v = v = ~4(®)_ Note that for finite-order weights of order w we
have 7, < 7y < 397, e, Yu = O( ).

The following result for finite-order weights was presented in [22].

Theorem 3.1 ([22, Thm. 5(b)]). Let v be finite-order weights of order w. Let $(k) =
Q(k*) with s > 0. The integration problem L, is polynomially tractable if and only if
decay., ,, > 1. When this holds, then the tractability exponent p* satisfies

mox {1, 2P < {1, 2 (20)

decay., , —1 " decay, , —1

10



In particular, we have p* =1 for decay.,, , > 3 and

2
* — > .
b min{3, decay., ,} — 1 Jors=w

Thus the exact value of the exponent of tractability is known if decay. , > 3 or if
s > w. It was left open in [22] what is the exact value of the exponent of tractability if
the cost function satisfies $(k) = ©(k*) for some s € [0,w) and if decay, , € (1,3). We
believe that the case s € [0,w) is in fact the more important one. Clearly, the dependence
of the cost function $(k) on the numbers of non-zero variables could be very different
in different applications. But it seems reasonable to assume that in most applications
$(k) depends linearly or slightly worse on k. This assumption means, in particular, that
s € [0,w) for all w > 1. (The case w = 1 is not very interesting, since different variables
do not interact. We provide a complete solution for this case in Remark 3.13.) Another
reason for the importance of the case s € [0,w) are infinite-order weights. We may view
infinite-order weights as limiting case of finite-order weights, whose order w tends to
infinity. In the limiting process we finally have s € [0,w) for w sufficiently large. We will
use this observation in Section 4, where we extend our results for finite-order weights to
infinite-order weights.

In this section we improve (20). For general finite-order weights we improve the lower
bound and, with the help of a new multilevel algorithm, for three newly defined classes
of finite-order weights also the upper bound. These lower and upper bounds match if
decay., , is large or small enough. For finite-intersection weights (see Definition 3.5) we
will provide the exact exponent of tractability for all values of s and decay., .

3.1 Lower Bounds for Finite-Order Weights

Let us start by making an observation. The upper bound in Theorem 3.1 holds also for
s = 0. Indeed, as pointed out in [22], the special form of the cost function $ does not
play a major role in the upper bound for the exponent of tractability in (20). This is
due to the fact that the proof of the upper bound in [22] relies on a linear algorithm that
only uses function values at points with at most w non-zero components. If we restrict
ourselves to this class of linear algorithms, it can be shown that the upper bound in (20)
is indeed sharp. More generally, we have the following result:

Theorem 3.2. Let $ be an arbitrary cost function as defined in (9). Let ~y be finite-order
weights of order w that satisfy decay.,,, > 1. Let B > w be a natural number. If we restrict
ourselves to linear algorithms that use only function evaluations at points with at most B
non-zero components, i.e., to algorithms Q of the form (10) with max;cp,) |0;| < B, then
the corresponding exponent py of polynomial tractability is given by

2
= 1, — 5.
Pp = max { ’ decay., , —1 }

11



Proof. We adapt the proof approach of [22, Thm. 5(b)]. Let Q be of the form (10) with
max;cp |0;| < B. Its cost is given by (11). We obtain, see (13) and (12),

Z Qu, (fu,) = Z Z aj, fuo, (@7); 0),

7=0 /=1

where the sets u; = u;(w) are defined as in Section 2.1, n; = |{v; |u; C v;}|, and {v;|u; C

UZ} = {Uj17 trty anj }
The integration problem over H(K,,), u; # 0, is at least as hard as the univariate
case. More precisely, there exist a b > 0 and for each j a function fjj € H(K,,) such that

L (fi) = Qu (i) = by + 1) 7137 V2 £t e,y = by + 1)~ 23702 £ e,

see (6). Thus we get from identity (14) the bound

~

[e(Q;HA)? > b Z n]%] e (21)

on the worst-case error of the algorithm Q. Due to $(k) > 1 for all £ € Ny, we have
n < cost(Q). Put N := cost(Q). Then

oo n  min{|v;|,w} n_min|v; |w}
Zn] Z|{j€N0’u]gU}’<Z Z (|U€) Z Z
j=0 =1 =1

< ZeB“ — eB¥“n < eB“N.

(22)

Hence we have » 77 n; < .S with S := [eB“N].

Put M := [{n;|n; # 0}|. We have M < S. To minimize our lower bound (21) for
[e(Q; H4)]?, it is clearly the best to choose those n; > 1 whose corresponding weights 7,
are largest, i.e., to choose ny,...,ny > 1. Due to these observations we get

M~ 1/2
. Y
> - J
ey 5(N) bM:I{l’12I}“7S (;_1 (4 17 +ta1L,w(M)) , (23)

where e, g(N) is the Nth minimal worst case error that can be achieved by algorithms Q
of the form (10) with maxiep, [0;| < B. Since decay., , > 1, we know from Theorem 3.1
that Z, is tractable. As already explained, the upper bound in (20) holds for general cost
functions, and the algorithm used to establish it uses only function evaluations at points
with at most w non-zero components, see [22, Thm. 5]. Hence p}; < oo, and we have
ey,5(N) = O(N7Y/?) for any p > pj. Due to the monotonicity of the 7, j = 1,2,...,
and (23) we get

2S5
Fhugs < D Ay < tadly () < b 2[eqy,5(N)]P = O(N /7). (24)
Jj=S+1

12



We get Jy,e = O(S™172/7), which implies decay., , > 1+ 2/pj. In this case we thus have

*
>

P = decay., ,, —1

We also have pj > 1, since this even holds in the one-dimensional case. This completes

the proof. O

With the help of the quantities t?, 0 < w, from Definition 2.2 and the following remark
we are able to improve the lower bound for general linear algorithms in (20).

Remark 3.3. If 7 is another set of weights satisfying 7, < 7, for all finite u C N, then
the corresponding reproducing kernel Hilbert space Hs has a larger norm than H., i.e.,

[f 1175 = [[fll2e,  for all f € Hs,

see (5). In particular, H5 C H., and the unit ball of 5 is contained in the unit ball of
H. Hence
e(Q;H5) <e(Q,H,) for any algorithm Q.

This shows that the infinite-dimensional integration problem over H5 is at most as hard
as the one over H,, and consequently, the tractability exponent p*(7) for the weighted
space Hz will be at most as large as the exponent p*(7) for the weighted space #,.

Theorem 3.4. Let $(k) = Q(k®) for some s > 0. Let « be finite-order weights of order
w satisfying decay., , > 1. Then the exponent of tractability satisfies

2min{l, s/t*
> max d 1, may 204l s/t (25)
o€lw] decay%a -1

Proof. The proof follows the lines of the proof of Theorem 3.2. We explain here only the
proof steps that differ. For s = 0 inequality (25) becomes p* > 1, which we know to be
true even in the one-dimensional case. So let s > 0 and let Q be of the form (10) (but
this time max;ecp,) |0;| can be arbitrarily large). Let n; = |[{v;|u; C v;}|. There exists a
b > 0 such that

. 2 2 S /P;uj
QI 28D
7=1

Due to our assumption $(k) = Q(k*), there exists a constant ¢ > 0 such that

D foilf < e $(Jui]) = ceost(Q).
=1 =1

Put N := cost(Q). With Jensen’s inequality we get for ¢ > ¢* and some C; > 0

S =Y i eNjy Co} < Clof
j=1 i=1 =1
n 1/ min{l,s/¢}
<q (Z \ni13> < CyeN)/minths/th,

13



This leads to Y 72, n; < S with S := | Cy(cN )Y/ mindLs/th |
Put M := |{n;|n; # 0}|. We have M < S, and get

v 1/2

. Yu; .

> oy

ey (N) > bM:Hll,IQI}..S ( E oy + 1 + tall%w(M)) .
J:

Since decay.,, > 1, p* is finite. For any p > p* we have e, (N) = O(N7'/?). Thus

we obtain S7,,, < O(N~2/P). This leads to Fy,, = O(S_l_%min{l’s/t}), which implies
decay. , > 1+ 2min{1,s/t}}/p*. Since we already know that p* > 1, we get

2nﬂn{178/ﬁ2}}' (27)

decay., ,, —1

p* > max {1,

Now let o € [w], and let p% = p%(~(?)) be the exponent of tractability for the infinite-
dimensional integration problem over the space H., (). Since %(10) < 7, for all finite u C N

and decay., , > decay. , > 1, we have, due to Remark 3.3 and (27) (applied to the cut-off

weights (7)),
2min{l, s/t}}
decay, ,—1 |

ﬁzmzmw@,
O

It is straightforward to extend Theorem 3.4 to arbitrary weights, see Corollary 4.1.

Notice that we have on the one hand ¢] < ¢35 < --. < ¢¥. and on the other hand
decay, ; > decay., > ... > decay, . Thus it is not a priori clear for which ¢ € [w] the
maximum in (25) is taken. As we shall see, this actually varies for different classes of
weights.

In the following three subsections, we will illustrate our lower bound for three classes
of finite-order weights. For finite-intersection weights, we have ¢} = 1 and the maximum
in (25) is taken for ¢ = w. In the case of finite-product weights, we have ¢, = w and the
maximum is taken for o = 1. In both cases, (25) gives us a lower bound superior to the
lower bound in (20). For lexicographically-ordered weights of order w, we have t/, = w
and the maximum in (25) is taken for ¢ = w. In this case, (25) does not improve on (20).
Nevertheless, we shall see that this bound is sharp if decay., , is fast or slow enough.

3.1.1 Lower Bound for Finite-Intersection Weights

Definition 3.5. Let p € N. The finite-order weights {7, }ien are called finite-intersection
weights with intersection degree at most p if we have

{j eNJu,Nu; 0} <1+p forallieN. (28)

Note that for finite-order weights condition (28) is equivalent to the following condi-
tion: There exists an 17 € N such that

{i e N|kew}| <n forall keN. (29)

14



Indeed, if (28) is satisfied, then (29) holds with n < 1+ p, and if (29) is satisfied, then
(28) holds with p < (n — 1)w.

A subclass of the finite-intersection weights are the finite-diameter weights proposed
by Creutzig, see, e.g., [31]. The weights v = {Vu}ucwju<co are called finite-diameter
weights if there exists an integer ¢ > 1 such that

Y = 0 for all finite u C N with diam(u) > ¢, (30)

where diam(u) := maxy se, |k — ¢]. By convention, diam(()) = 0. If finite-diameter weights
satisfy (30) for some ¢ € N, then they are obviously finite-order weights of order at most ¢
and finite-intersection weights of intersection degree upper-bounded, e.g., by > 7_, (3q;2).
Note that finite-intersection weights are not necessarily finite-diameter weights.

Let now - be finite-intersection weights with intersection degree at most p. For a
given finite set v C N we have

[{i € Nfw € o} < (1+p)o].

Hence ¢, < 1. On the other hand, in the case where decay., , < oo, we have necessarily
an infinite sequence {u,};en, implying ¢7, > 1. In this case t7, = 1. In any case, (25) leads
for finite-intersection weights to the lower bound

2minq 1
p*zmax{l,M}, (31)
decay., , —1

which improves on the lower bound in (20), and is for w > max{1,s} and decay, , €
(1,1 + 2min{1, s}) strictly better than (20). In Section 3.2 we will show that our lower
bound for finite-intersection weights is actually sharp, i.e., the right hand side of (31)
turns out to be already the exact exponent of tractability.

3.1.2 Lower Bound for Lexicographically-Ordered Weights

To each set u C N with |u| = ¢ we assign the word p(u) := i145 . . .4y, where for j € [¢] the
number 7; is the jth-largest element of u. On the set of all finite words over the alphabet
N we have the natural lexicographical order <., where by convention the empty word
should be the first (or “smallest”) word.

Definition 3.6. We call weights ~ lezicographically-ordered weights of order w if vy = 1,
Y > 0 for all u € N with |u] < w, and

o(u;) <iex p(u;) for all 7, j € N satisfying i < j.

This definition implies, e.g., that for all lexicographically-ordered weights ~ of order
w = 3 the ordered set system u; = u;(w), i € Ny, is given by ug = 0, uy = {1}, us = {2},
uz = {2,1}, ug = {3}, us = {3,1}, ug = {3,2}, uy = {3,2,1}, ug = {4}, ug = {4,1},
wo = {4,2}, uy; ={4,2, 1}, wio = {4,3}, w13 = {4,3, 1}, ws = {4, 3,2}, uy5 = {5},. . ..

15



For lexicographically ordered weights 4 of order w each finite v C N contains ©(|v|*)
subsets, thus we have ¢! = w. Furthermore, the corresponding cut-off weights v(*) are
lexicographically-ordered weights of order o for each o € [w]. Due to (25), we get

2min{1,s/w}} (32)

* > maxq 1
b= X{ " decay.,, —1

if $(k) = Q(k*). This bound is the same as the lower bound in (20). We will prove in
Section 3.2 an upper bound for lexicographically-ordered weights that improves on the
upper bound in (20) and that demonstrates that the lower bound (32) is sharp if decay., ,
is large or small enough.

3.1.3 Lower Bound for Finite-Product Weights

Definition 3.7. Let {7;};en be a sequence of non-negative real numbers satisfying ~; >
Yo > .... With the help of this sequence we define for w € N finite-order weights v =
{"}ucnuj<oo of order (at most) w by

! 0 otherwise,

where we again use the convention that the empty product is 1. Such weights we want to
call finite-product weights of order (at most) w.

We may also be interested in the case of w = oo, which corresponds to product weights,
which were introduced by Sloan and Wozniakowski in [36]. Weights + are called product
weights if there exists a sequence of non-negative real numbers v; > 75 > ... such that
Y = [[;, 75 for all finite u C N.

The next lemma shows that the maximum over all o € |w] that appears in our lower
bound (25) is this time taken for o = 1.

Lemma 3.8. Let v = {Vu}uchiuj<oo be a set of finite-product weights of order w or of
bounded product weights (which, in both cases, do not necessarily have to satisfy condition

(3)). Then
decay. , = decay.,, for alloc € N. (34)

Proof. Let 0 € N. Since decay.,; > decay., , > 0, it remains to show that decay.,; <
decay., ,. Since in the case decay.; = 0 we have nothing to show, let us assume that

decay. ; > 0. Let p € (0,decay., ;). This implies > . %1/;; < 0o. Thus we get

S < T (1 (2)") = (S (1+ (1))

JjEN JjEN jEN

< exp (Z (%)w) < oc,

jEN
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where we used the estimate In(1 + z) < x, which holds for all non-negative x. This
implies Ay, (o) = 0(j ), since the sequence Yy, (), j € N, is monotonic decreasing. Hence
p < decay, ,. Since we can choose p arbitrarily close to decay., ; (which means, in the
case decay., ; = oo, arbitrarily large), we obtain decay., ; < decay., . O]

Recall that in the case where decay, , = co we already know from (20) that p* = 1.
So let us assume that decay., , < oo, which, in particular, implies that all ; are positive.

Then we obtain for all o € [w] that 5 = 0. Let $(k) = Q(k*) for some s > 0. Due to
Lemma 3.8 and Theorem 3.4 we have for finite-product weights with decay. , > 1 that
the exponent of tractability satisfies

2min{1, s} } (35)

* > maxq1
b= { " decay., ; —1

Note that (35) improves on the lower bound in (20) and is for w > max{1,s} and
decay., ,, € (1,1 +2min{1, s}) strictly better than (20).

3.2 Upper Bounds for Finite-Order Weights

Now we will improve on the upper bound in (20) with the help of an algorithm that
combines a multilevel idea with quasi-Monte Carlo integration.

3.2.1 Description of the Multilevel Algorithm

Let us describe the general form of the algorithm we want to use more precisely:
Let Ly :=0, and let L; < Ly < L3 < ... be natural numbers, and let

U,(:) = Ujer,4; and U,(f) = [Lg] for ke N. (36)
In the general case we will use the sets n,(:), k = 1,2,.... In the special cases of

lexicographically-ordered weights and finite- or infinite-product weights, it is more con-
venient to make use of the simple ordering of the corresponding set system u;, j € N,

(as defined in Section 2.1) and choose the sets t),(f) for k =1,2,.... In all definitions and

results that hold for both choices of the t),(f), 1 = 1,2, we simply write vy. We will choose
the numbers Ly, Lo, ... in general such that |vy| = ©(a*) for some a € (1,00). (For the
four different classes of weights considered in this paper, we will choose L, := L[a*"!],
where L € N is arbitrary. A “default choice” would be to take L =1 and a = 2.) Let

Vi={jeNJu; Cvy} and V,:={jeN|u; Cv; and u;  v,_,} for k> 2.
Let us furthermore define for m € N
U(m) := UL, Vi, U{0}.
We put
Qr(f) :—Zf th:0),
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where

" FEGD0) = (99, ;0)  for k> 2,

and the numbers n; > ny > ... > n,, and the points tl(,i P ,tf,zk’k) € [0, 1]+l will be
chosen later, depending on the welghts ~. Define the algorithm A,, via

An(f) = O Z Zf (ts"); 0) (37)

We assume in this section that $(k) = O(k®) for some s > 0. Hence we have

cost(A,,) < Qink$(|nk|) =0 <zm: nk|nk|5> : (38)

We obtain from (14) and (15)

[e(Am; Hy)I? = > v [e(Am s HK)), (39)

j€No

where Ay, = Amo Py, = > 1" Qp,- Note that e( A, s H(Ky,)) = e(Apmu;span{l}) =
0, since A,, is exact on constant functions. Note furthermore that for all 7 € N we have

Qi (f) =0 whenever j & V.
Thus we get, using (15) and (16),

[ Am>% ZZ%@ Qkuﬁ ( ))] + Z P)/Uj[e<0;H<Kuj))]2

k=1 jeVy u; €U (m)

ZiZ% [disc3,, ( {t(lk) t("’“k) + 3 3l

=1 jeVi ung(m)

(40)

To get a good error bound for our approximation of Z, by A,,, we consequently need to
find for each k € [m| point sets {fn(;’k), . f(n’“’k)} whose projections onto the sets u; with

? Vo
J € Vi exhibit a small Ls-star discrepancy disc’z‘,luj‘({fé;’k), . ,flf;”“ k)}) The problem of
finding such point sets depends heavily on the weights we consider.

A reasonably good choice of point sets is provided by the next result. It follows from
[35, Thm. 3(A)], which relies on constructive results for weighted Korobov spaces from
[4]. We emphasize that Proposition 3.9 holds not only for finite-order, but in fact for
general weights (which do not necessarily have to satisfy condition (3)). We will come
back to this in Section 4.
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Proposition 3.9. Let v be arbitrary weights. Let k € N, and let ny be a prime number.

Then there exists a point set {té;’k), o ,té;j’“k)} C [0, 1] such that for all T € [1,2)
- —(1,k) = (k) .
Z Yu; [dlSCZ,\uj|({tuj ) 7tuj * })]2 < Fk:TFY(nk o 1) ) (41>
JEVE

where, with ( denoting the Riemann zeta function,

Fizmy = (Z fyij/T(S_l/T + WT)|uf|> and W, = (20%)~Y7(2¢(2/7)). (42)

JEVE

Proof. Let us consider the space H.~, where the cut-off weights v* are defined by ~; = v,
if u = u; for some j € Vi, and 7 = 0 otherwise. The space H,- can be identified with
the weighted Sobolev space of |vy|-variate functions anchored in zero and endowed with

the weights {7 }uco,, see, e.g., [35, Sect. 2]. Now [35, Thm. 3(A)] ensures the existence
of a set {t*) ™M1 < [0, 1] such that [e(Qy: Ho)]? < Firm(ng —1)77, where

k g ey k

1/7\ T

Frrm = | Do WH ST o gl

uCoy JEVE;uCu;

Due to (40) we have

S dises (L9, EPOPI2 — [e( Qi)

JEVR

Using Jensen’s inequality, we obtain

By < [ SSWM ST qiimatitoi/ | = (7 qtimgeluln § qyigle
uCoy JEVi;ulu; JjEVE uCu;
Now we have }_, W3l/T = (1 4 3Y7W, )Wl which concludes the proof. O

As demonstrated in [35], shifted rank-1 lattice rules, whose generators can be cal-
culated efficiently by using the component-by-component (CBC) algorithm, satisfy (41).
Unfortunately, these point sets are not fully constructive, since it is not known how to
calculate a suitable shift A € [0, 1)+l efficiently.

We will use Proposition 3.9 for lexicographically-ordered weights, and for finite and
infinite-product weights. For finite-intersection weights, however, we construct point sets
explicitly, whose projections exhibit a discrepancy significantly smaller than the discrep-
ancy guaranteed in Proposition 3.9, see Proposition 3.11.
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3.2.2 Upper Bounds for Finite-Intersection Weights

Let ~ be finite-intersection weights of finite order w. In this case we can construct point
sets or sequences of sample points that enable our algorithm A,, to provide a sharp upper
bound for the exponent of tractability. Here, we take v), = U,il) and Ly, := L[a*~1] for
k=1,...,m, where L € N and a € (1, 00) are fixed.

Our construction of optimal point sets is based on the following result.

Lemma 3.10. Let v be finite-intersection weights of finite order w. Let n € N be such
that the set system u; = u;(w), j € N, satisfies (29). Then there exists a mapping
¢ : N = [np(w — 1) + 1] such that for all j € N the restriction ¢|,, is injective.

Proof. We will define ¢ inductively: Put ¢(1) = 1. Let now k > 2 and let us assume that
we have defined ¢(¢) for £ =1,...,k — 1 such that ¢|,;nr_1) is injective for all j € N and
takes only values in [p(w — 1) + 1]. For k define Uy, := {¢ € [k — 1] |35 € N: {{,k} Cu;}.
Since k is contained in at most 7 sets u;, and since |u;| < w for all j € N, we see that
|Uk| < n(w —1). Thus ¢(k) := min([n(w — 1) + 1] \ ¢(Ux)) is a well-defined number in
[n(w—1)+1]. Hence we have defined ¢ on [k], and it is easy to see that ¢/, is injective for
every j € N: If k € u;, then ¢|y,qx) = @[u,nr—1) is injective due to our induction hypothesis.
If & € uy, then @|y;nx—1) is injective due to our induction hypothesis. Furthermore,
(k) € ¢(Uy), which in particular implies that ¢(k) € ¢(u; N[k —1]) C ¢(Uy). O

Proposition 3.11. Let v be finite-intersection weights with finite order w. Let n € N be
such that the set system u; = u;(w), j € N, satisfies (29). Then there exists a sequence

Zoo = (z&))ieN in [0,1]N and a positive constant C,,,, such that

disc;‘uﬂ({z(l) L2 N <O on T In(n)" @D for all jon € N.

oo, Tty T oo,y

Proof. In dimension n(w — 1) 4+ 1 we find some suitable constant C, ,, > 0 such that there
exists a sequence Z = (2);cy in [0, 1]7@~D*! satisfying

disczom(w_l)ﬂ({z(l), 2 < Cpun”Hn(n)"@ D for all n € N. (43)

Indeed, efficiently computable low-discrepancy sequences often used in applications such
as, e.g., the Faure, Halton, Niederreiter, Niederreiter-Xing or Sobol’ sequence, achieve the
convergence rate in (43), see, e.g., the papers [7, 14, 25, 27, 37] or the monograph [26].

From Z we obtain an infinite-dimensional sequence Z,, = ( @ )ien by defining the vth
component of 2 via z&),y = zg()y) for all 7, € N, where the mapping ¢ is as in Lemma
3.10. Let j,n € N. Since ¢|,, is injective, we have

disc;,|uj|<{z(o?,uj> cee 7z£.2?uj}> < disc;,|uj|({z((>1>),uj7 M) zggl?uj})
. * 1 n . * n — w—
- dlscoo,\uﬂ({zgs(zlj)a ) sz)(lj)}) < dlscoo,n(w—l)+1({z(1)7 R 7Z( )}) < O’r],wn 1 ln(n)n( 1)+1_

]
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(0 g

For any ny, k= 1,2,..., we can construct points ¢, explicitly such that

(LK)

discs | ({8, - - ,fﬁ?k’k)}) < Cpwng In(ng )@=V for all j € V4 (44)

by simply choosing a sequence Z., as in Proposition 3.11 and 7;@2’“’ = zEQ,Uk, 1=1,...,n.
We can use the same sequence Z, for all values m and k, regardless of the special value
of ng, k =1,...,m. With this choice of sample points we get from (40) the error estimate

e(Aui Hy )] <an62< > vuj>ni“‘”+taﬂw<Lm> (45)

Jj=Lp_1+1

for arbitrarily small 6 € (0,1) with a suitable constant C,,, s, depending only on 6, 1, and
w. Notice that we implicitly used n; > ny > ... > n,, to deduce (45), since it might be
that for Ly_; < j < Lj we have u; C v, for some ¢ < k.

Now let us try to find values of ng, & = 1,...,m, which for given cost (essentially)
minimize the right hand side of (45). Note that here n7'L; < |oi] < wly, ie., |og] =
©(Lg). Therefore (38) gives us

cost(A (Z nkL5>

Put
Ly m
Z Y, and M = ZLZ
j=Lp_1+1 k=1
For a given S > L* let m be such that S > M. We want to find the minimum z* =
(x3,...,2})) of the function

m m
x) = Z kai(é—l) subject to the constraint Z xpLl; = S.
k=1

Due to Lagrange’s multiplier theorem there exists a A € R such that grad F(z*) =
A(L3, ..., L:). This relation and the constraint imply that the minimum a* is given by

-1
_1 s 1 2(1—6)s
=Co, L, >, where C =S5 E ol P L .

k=1

For k =1,2,...,m we choose ny := [z} |. This leads to

cost(A (anLs)— (S+ M) =0(S).

21



Now we can estimate the different error terms that bound [e(A,,; H~)]? in (45): First we

obtain

3-26
m 1 2(1-4)s
Zakni(éfl) < §2(6-1) <Z 02725 Lk3725 > ' (46)
k=1

k=1

For p € (1,decay., ,) we have v,; = O(j~?), and consequently

Ly, 1— .
L" fh>2
o = O E j—p = { O( k ) 1 -7
Pl O(1) if k=1.

This implies
S o0 = 0 (57070 (14 1200 Hr))
k=1

Secondly, we obtain
tail, , (L) = O(L:P).

Thus we have altogether
e Am,H 2 _ O S2(571) 1+ L2(1*5)s+1*p 4 Llfp )
Y m m

Let N := cost(A,,). Note that M = O(L?)), and that S > M implies S = Q(L?)).
Case 1: decay.,, —1 > 2s. Then we have 2(1 —d)s + 1 — p < 0 for p close enough to
decay., . Choosing m in such a way that S = O(Lm' ™), we get
1—

ex(N) <e(A,; Hy) = O(LT,?p) = 0(8~(1-9) = O(N~(1-9),

Since 0 can be chosen arbitrarily small, the tractability exponent p* is at most 1.
Case 2: decay., , —1 < 2s. Then we may choose J small enough to obtain 2(1 —d)s +
1 —p > 0. Choosing m in such a way that S = O(L?,), we get

p—1 p—1

e (N) < e(AmHy) = O(LnZ ) = O(S™'5) = O(N~5).

Since p can be arbitrarily close to decay., ,,, we get in this case

v < 2s
b= decay., , —1°
If we have s > tf = 1 in case 2, our specific choice of L;, Lo, ... does not allow our

algorithm to match the lower bound. But in this case the algorithm from [22, Thm. 5(a)],
which uses only sample points with at most w coordinates different from zero, proves

b < max{ #} (47)

1
" decay, , —1

see also Theorem 3.1.
Altogether we proved the following theorem.
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Theorem 3.12. Let $(k) = O(k®) for some s > 0. Let the finite-intersection weights ~y
of order w satisfy decay., , > 1. Then the tractability exponent satisfies

2min{1, s} }

4
decay., , —1 (48)

p* < max {1,

In particular, if $(k) = O(k®), we have

p*:max{LM}. (49)

decay., , —1

Remark 3.13. Note that finite-order weights of order w = 1 are (obviously) finite-
intersection weights with intersection degree p = 0. For them condition (29) holds for
7 = 1. In this case we may use our multilevel algorithm together with a sequence Z., in
[0, 1], as described in Proposition 3.11. If we do not insist (on the practically very useful
feature) that the quasi-Monte Carlo points we use for our multilevel algorithm stem from
a sequence, we may simply use the point sets

Uk] o

(1,k) nkk o . _
v P r kyt — Ly Ik,
{ts, }c[0,1]°, where ! forjeV,, (=1 n

g

which leads to

+(L,k) £ k) r .
discs t., .t =——n for all j € V}, and all k € [m].
ey = jevi m)

(Notice that |u;| = 1 for all j € N.) In the case $(k) = ©(k*) we know the exact exponent
of finite-order weights « of order w = 1 and it is given by (49).

3.2.3 Upper Bounds for Lexicographically-Ordered Weights

Let ~ be lexicographically-ordered weights of finite order w. Let Ly := L[a*~1] for k € N,

where L € Nand a € (1,00) are fixed. Here we use our algorithm .A,,, with prime numbers

ny > ng > ... > n,, and the corresponding sample points t,(,i’k), e ,tff;’“’k), kE=1,.

from Proposition 3.9, where v;, = n](f) = [Lg]. We define

“~ (L
Ry :=0 and Rk::Z(gk> fork=1,....m

o=1

co,my,

We have Vi, = {Rp_1+ 1, Rx_1+2,..., R} for all £ > 1. Due to (40) and (41) we get for
arbitrary 7 € [1,min{2, decay. ,}) the error estimate

[e(Am; Ho)I? <Y Frrmy(ne = 1)77 + taily , (Rin) (50)
k=1
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Furthermore,

Fizmy = (Z 7&}_/7(3_1/7 + WT)“J'> < max {1, 3TV W,) W (Z 71/T> =: 0.

JEVL JEVE

As done in the case of finite-intersection weights, let us try to find for given cost numbers
ng, k= 1,...,m, which essentially minimize our error estimate. Let again M := 22;1 L.
For a given S > 2L° let m be such that S > 2M. Then the minimum «* = (zf, ..., z})
of the function
m
F(x) =) or(zx —1)"" subject to the constraint ZkaZ =S
1 k=1

NE

e
Il

is given by

m -1
vy =Co; 7 L, " +1, where C = (S~ M) (Z “LT“) :

For k = 1,2,...,m we choose nj to be the smallest prime greater or equal than z;. It
is well known that for any n € N there exists a prime number p satisfying n < p < 2n.
Thus our choice of ny gives us [z}] < ng < 2[z}]. This leads to

N :=cost(A (Z nkLS> (2(S+M)) =0(9).

Now let us estimate the different error terms in the bound of [e(A,,; H~)]*: First we obtain

m T+1
> Gulng — 1) < ( (ZAT“LT“> :

k=1
For p € (7,decay., ,,) we have v, = O(j77). Since Ry, = O(Ly) for all k, we get

T

Ry w(T—p) :
O(L fk>2
ak =0 E jip/T = { ( k ) 1 -7
A O(1) if k= 1.

This implies
S Gl — 1) = O ($77 (14 LEP+T)).

k=1

Secondly, we obtain tail, ,, (R»,) = O(L%(l_p )). Thus we have altogether

(A H) = O (87 (14 L#70) 4+ £5070).
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Case 1: decay.,,, > 2(1+s/w). Choose p large enough to ensure p > 2(1+s/w). Then
we get for all 7 € [1,2)
(A i) = O[S~ + L17).

Since w(p — 1)/7 > s, we can choose m in such a way that S = O(La” /™), implying

ex(N) < e(Ap; Hy) = O(S7T/?) = O(NT/2).
By taking 7 arbitrarily close to 2, we get the best possible exponent of tractability
pr =1 (51)

Case 2: decay.,,, < 2(1 + s/w). Hence p € (1,2(1 + s/w)). Let r > s, and let m be
such that S = ©(L!). Then
1 —
[e(Am; Hy) )2 = O(S™), where p:=min {w(p—)ﬂ_’ T+ ]MT—W} :
r r
Choosing r > w+s leads to u < (p—1)/(1+s/w), and, for p tending to decay., ,, we cannot
get an estimate for the exponent of tractability better than p* < 2(1+s/w)/(decay., , —1).
As we will see, we can do better if we assume r € [s, s + w).
The value of 7 that maximizes p for r € [s,s + w) is 7 = pw/(w + s). Here we
have pw/(w + s) < 2, so for s > 0 the optimal choice of 7 satisfying the constraint

7 € [1,min{2, p}) is given by
ot
T =max < 1, ,
w+s

and for s = 0 we may choose 7 arbitrarily close to p.
Subcase a: decay., , <1+ s/w. Then we have p < 1+ s/w and consequently 7 = 1.

Hence 1
M:mm{w(p— ) 1+pw—(w+8)}_

)

r r
The choice r = s maximizes p and leads to S = O(L?,) and

w(p—1) w(p—1)

ey(N) <e(An;Hy) =0(S™ % )=0(N"" = ).
Choosing p arbitrarily close to decay., , leads to

. 2s/w
P
decay., , —1

(52)

Subcase b: decay., , > 1+ s/w. Then we may choose p > 1+ s/w and 7 = pw/(w + s).
(Only in the case s = 0 we have to choose 7 = p — €, € > 0 arbitrarily small. But we do
not discuss this case in detail, since it is obvious how the following argument has to be

modified.) Hence
o {W(p -1 pw }
(= min .

r "wH+s
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The choice r € [s, (w+ s)(p — 1)/p] leads to pu = pw/(w + s) and
ey(N) < e(An; Hy) = O(S7759) = O(N7757).
Choosing p arbitrarily close to decay., , leads to

. < 2(1+ s/w)

. 53
decay., , (53)

Since the algorithm used in [22, Thm. 5(a)] proves

2
p* < max {1, —1} : (54)

decay., ,, —
we established altogether the following theorem.

Theorem 3.14. Let $(k) = O(k®) for some s > 0. Let the lexicographically-ordered
weights v of finite order w satisfy decay.,,, > 1. Then the tractability exponent satisfies

1 1
p* < max< 1,2min { max 8/ , +s/w , ) (55)
decay., , —1" decay,, ) ~decay., , —1

In particular, we have for 1 < decay., , <1+ s/w

2 min{1, s/w}} |

decay., ,, —1

p* < max{l,

for 14 s/w < decay,, , < 2(1 +s/w)

1 1
p* <max< 1,2min , +s/w ,
decay, , —1 decay. ,

and fO?” 2(1 + S/Cd) S decay'y,w

p-=1.

If $(k) = O(k®) the lower bound (32) always matches the upper bound (55), except when
s <w and 1+ s/w < decay., ,, < min{3,2(1 + s/w)}.

3.2.4 Upper Bounds for Finite-Product Weights

Let ~ be finite-product weights of finite order w. Let Ly, := L[a*"!] for k € N, where L €
Nand a € (1,00) are fixed. As for lexicographically-ordered weights, we use our algorithm
A,, with the sample points t&’k), e ,tf,zk’k) from Proposition 3.9, where v, = 02;2) = [Lg]
for k=1,...,m, and get for arbitrary 7 € [1, min{2, decay. ,}) the error estimate (50).
In the next lemma we present an estimate for Fj .., which does not only hold for

finite-product weights, but also for (infinite-)product weights.
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Lemma 3.15. Let v be finite-product or product weights with decay.,; > 1. Then

T

Fyrny = O(61), where & := Z v
j=Lp—1+1
Proof.
[ L L1 T
1 T 1 7_
Fene < ([T (1+207) (1+7;7w7)
Lj=1 j=1
(i1 Ly -
= [T+ w | II ()
L 7=t j=Lp—1+1
Now
j=Lg_1+1 j=Lj_1+1 i 1+1
implying
Ly,
[ Gew-vems (30 o) o) wioo
Jj=Lg-1+1 el

Since 7 < decay., ;, we have

Li_q fe'e)
ﬁ (1+7W7) <H (1+7;7W7) < o0,
j=1

]

Now the following theorem can easily be verified by following the proof of Theorem
3.14, where one just has to substitute w by 1, Ry by L, and 6 by o for k=1,...,m

Theorem 3.16. Let $(k) = O(k®) for some s > 0. Let the finite-product weights v of
finite order w satisfy decay.,; > 1. Then the tractability exponent satisfies

1 1
p* < max{ 1,2min ¢ max i , s ; . (56)
decay, ; —1 decay.,, J " decay,; —1

In particular, we have for 1 < decay,; <1+s

2min{1, s} }

decay., ; —1

p* < max{l,
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for 1+ s < decay.,; <2(1+s)

p* <max< 1,2min , ,
decay, ; —1 decay.

and for 2(1 + s) < decay., ,

pt =1

If $(k) = O(k®) the lower bound (35) always matches the upper bound (56), except when
s <1 and 1+ s < decay,; <min{3,2(1 +s)}.

4 From Finite-Order Weights to Arbitrary Weights

In this section we apply the results and methods we provided in the case of finite-order
weights to obtain results for arbitrary weights, in particular for infinite-order weights. As
in the previous sections, we always assume that the weights « satisfy (3) and that there
exists at least one finite, non-empty set u C N with ~, > 0.

4.1 Lower Bounds for Arbitrary Weights

Let «v be an arbitrary set of weights, and let ¢ € N. As explained in Remark 3.3, the
infinite-dimensional integration problem is not harder for the cut-off weights ~(?) than for
the original weights . Thus any lower bound on the exponent of tractability p} = p* (’y(”))
corresponding to the cut-off weights ~(?) holds also for the exponent of tractability p* =
p*(v) for the original weights ~. Since cut-off weights (%) are in particular finite-order
weights of order at most o, we get from Theorem 3.4 immediately the following result.

Corollary 4.1. Let ~ be arbitrary weights, and let $(k) = Q(k*) for some s > 0. Let the
integration problem L., be tractable.
A lower bound for the exponent of tractability p* is then given by

2min{l, s/t>
p* > max< 1,sup min{l, s/t;} :
oEN decay%(, -1

(57)

4.1.1 Lower Bound for Product Weights

Product weights are probably the most extensively studied type of weights in the literature
of multivariate problems. If v are product weights, then the cut-off weights v(?), o € N,
are obviously finite-product weights of order at most o.

Let us assume decay., ; < 0o, which in particular means that all v; are positive. This
implies tf = o for all 0 € N. Now let $(k) = Q(k*) for some s > 0. Then we get from
Lemma 3.8 and Corollary 4.1 the following lower bound for the exponent of tractability

p* for product weights ~:
2min{1, s} }

> 1 58
b= max{ " decay., ; —1 (58)
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This lower bound for product weights was provided in [22, Sect. 3.3] for the case where
v; = 77 for arbitrary 8 > 1. The point we want to make here, is that this non-trivial
result already follows from our results in the easier setting of finite-order weights. Note
that in contrast the lower bound (58) for (infinite-)product weights does not imply our
bound (35) for finite-product weights.

4.2 Upper Bounds for Arbitrary Weights

Our algorithm 4,, can in general be used for arbitrary weights to provide upper bounds
for the exponent of tractability. For arbitrary weights v we may use the sets v = n,(;) =
Ujer, g4, in (36). If s is not too large, the numbers Ly, Lo, Ls, ... should be chosen in
such a way that |o;| grows exponentially, i.e., |o,| = ©(a*) for some a € (1,00). For
k=1,2,...,m the points {tt(,i’k), e ,tt(fzk’k)} can always be chosen as in Proposition 3.9,
which holds not only for finite-order weights, but also for arbitrary weights.

Here we confine ourselves to provide an explicit error bound in the case of product

weights.

4.2.1 Upper Bound for Product Weights

In this section we can use almost directly our results from the case of finite-product
weights. The observation we have to make is the following:

In the whole derivation of Theorem 3.16 the only occasion where we benefited from
the fact that we were working with finite-product weights was that we used the bound

* < 1 2 (59)
max{ql, ———
p= "decay,; —1 ]
from [22, Thm. 5(a)] (see also Theorem 3.1). The algorithm used there to establish (59)
relies crucially on the fact that the weights under consideration are finite-order weights.
Thus we cannot expect (59) to hold. But our algorithm with the numbers L = L[a*"1]

for some L € N and a € (1,00), the sets of coordinates vy, = n,(f) = [Lg], and the point sets

{tgi’k), . ,tg’,:’“’k)} from Proposition 3.9 leads also in the case of (infinite-)product weights

to the estimates (51), (52), and (53) with w = 1.
Altogether, we get the following result.

Theorem 4.2. Let $(k) = O(k®) for some s > 0. Let the product weights v satisfy
decay.,; > 1. Then the tractability exponent satisfies

2 2(1
p* Smax{l, i , ( +S>}. (60)
decay, ; —1 decay. ;

In particular, we have for 1 < decay,; <1+s

*

< 2s
p= decay., ; —1’
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for 1+ s < decay.,; <2(1+s)
. < 2(1+ s)’
~ decay,

and for 2(1 + s) < decay., ,
p" =1

If $(k) = ©(k®) the lower bound (58) matches the upper bound (60) in the case where
decay, ; > 2(1 +s), and in the case where s <1 and 1+ s > decay, ;.

Remark 4.3. Let us compare the result of our algorithm to the results of the algorithms
used in [22]. The first algorithm studied there in Section 3.1 is a direct quasi-Monte Carlo
approach called fized dimension algorithm. Our algorithm reduces to the fixed dimension
algorithm if for a required error guarantee € we choose m = 1 and put L; = d(g), where
d(e) tends to infinity as € approaches zero, see [22, Sect. 3.1] for details.

If decay.,; > 1, the fixed dimension algorithm leads for product weights to the follow-
ing bound on the exponent of tractability:

2 2
p* <maxql,—— > + . — (61)
decay., | decay., ; —1

If s = 0 or if decay., ; = oo this is the same bound as provided by our algorithm. If s >0
and decay., ; < 0o, then (60) is strictly smaller than (61).
The second algorithm studied in [22, Sect. 3.2] is called changing dimension algorithm.
If decay, ; > 1, the changing dimension algorithm leads for product weights to the
following bound on the exponent of tractability:
2

<l — 62
p= +decay,771—1 (62)

In the case where decay., ; > 2(1 + s) our algorithm leads to the best possible exponent
1, while the changing dimension algorithm does only in the case decay., ; = co.

In the case 2(1 + s) > decay,; > 1+ s our algorithm leads to a better result than
the changing dimension algorithm if 2 > s. If 2 < s our algorithm is better as long as
decay. ; > 0(s), where

d(s) ::%+s+\/i+(s—2)(1—l—s).
If 1 +s < decay,; < d(s), then the changing dimension algorithm is better (which can,
as already mentioned, only happen if s > 2).

In the case 1+ s > decay,; > 1, our algorithm leads to a better result than the
changing dimension algorithm for decay., ; > 2s — 1, while the changing algorithm leads
to a better result if decay. ; < 2s — 1, which can only occur if s > 1.

This means in particular, that for s < 1 our algorithm leads in any case to a better or
equal result than the changing dimension algorithm.
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Remark 4.4. More restrictive models of varying costs of function evaluations, called fized
and variable subspace sampling, are studied in [3, 18, 24, 28, 29]. A discussion of both
cost models can be found, e.g., in [24, Sect. 2]. We restate the variable subspace sampling
model, which is similar to the (more generous) cost model from [22]. For subspaces

Xi.q = {I € [0, 1]N | Tgy1 = Tgqpa = ... = O}

of [0, 1]N, the cost of an algorithm Q of the form (10) in the variable subspace model is

n

cost™(Q) := Z [min{d S (wgl)a 0) € Xi.q} S

i=1

for some s € [0,00). Let us assume that our cost function $ satisfies $(k) = ©(k*). Then
cost(Q) = O(cost™(Q)). (63)

In the variable subspace sampling model, we define the e-complexity comp*(e; H) and
the Nth minimal worst case error el (N) by (17) and (19), where we simply substitute
cost(Q) by cost*™(Q). Analogously, we define (polynomial) tractability and the exponent
of tractability p¥" in the variable subspace model. Due to (63) we have

p* S pvar' (64)

Thus our lower bounds for the exponent of tractability in the cost model from [22] are also
valid in the variable subspace sampling cost model. On the other hand, upper bounds
for the exponent of tractability in the variable subspace sampling cost model are valid in
the cost model from [22]. But it is a priori not clear whether an upper bound in the cost
model from [22] stays valid in the variable subspace sampling cost model.

This is indeed the case for our upper bounds achieved with the help of the multilevel
algorithm. This is easy to see for lexicographically-ordered weights, finite-product and
product weights. There we use the coordinate sets U,(f) = [Lg], k = 1,2,... for our
multilevel algorithm A,, and therefore the cost of A,, is of the same order in both models,
see also (38). For finite-intersection weights, this is not obvious and indeed an a-priori
re-ordering of the coordinates might be necessary. So if we use a bijection ( : N — N
satisfying C(uy) = {1,...,|u1|} and

C (Llj \ Uf;llul) = {‘Uf;luz‘ + 1, ey |Ug:1ul}} for ] = 2,3, cee

and permute the coordinates by using (, then our algorithm 4,, with coordinate sets
6,(:) = C(US)) = Ujer€(uj), k = 1,2,.. ., has also cost of the same order in both cost
models (since ¢ (US)) = HUS)H). Observe that we can do the same a-priori re-ordering
of coordinates for arbitrary weights and use then our algorithm .A,, with the coordinate
sets 6,&1), k=1,2,..., defined as above. In this sense all upper bounds for the exponent
of tractability achieved by our multilevel algorithm for the cost model from [22] will also
hold for the variable subspace sampling cost model.
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But the cost of the algorithm from [22, Thm. 5(a)] will, in general, differ reasonably
in both models. Therefore we cannot claim that the upper bound in (20) holds also in the
variable subspace sampling cost model. Thus, to hold in the variable subspace sampling
model, the results in Theorem 3.12, 3.14, and 3.16 have to be modified accordingly, while
the results from Theorem 4.2 hold without modification.

As already mentioned, the upper bound in Theorem 4.2 has been proved independently
from our work in the recent paper [29] for the varying subspace sampling cost model (and
thus, in particular, for the cost model from [22]). In [29] the authors consider a more
general reproducing kernel Hilbert space setting than we consider in this paper, but study
solely product weights. The multilevel algorithm proposed in [29] for infinite-dimensional
integration over H. with product weights ~y is similar to our multilevel algorithm; the main
difference is that their algorithm uses quasi-Monte Carlo points proposed in [19], while our
algorithm uses the points from Proposition 3.9. Although the multilevel approaches are
similar, the analysis which establishes the upper bounds for p¥" in [29] is quite different
from ours and relies on auxiliary weights 4" with 7, > ~, for all finite u C N.

Remark 4.5. After the submission of this article, a new paper on infinite-dimensional
integration on (quasi-)reproducing kernel Hilbert spaces was completed [33]. We briefly
state the results relevant for the setting studied in our paper. The authors showed that
in the cost model from [22] for cost functions $(k) = O(k®) the bound on the exponent
of tractability (59) holds also for product weights. This bound is sharp for s > 1 and
$(k) = ©(k®), as can be seen from (58). The proof uses changing dimension algorithms
as in [22] (see Remark 4.3) and a refined analysis. The results from [33] cannot be trans-
ferred directly to the variable subspace sampling model, since the cost of these changing
dimension algorithms will increase reasonably if one switches from the cost model in [22]
to the variable subspace sampling model (see Remark 4.4). As explained in Remark 4.4,
this is not the case for the multilevel algorithms presented in [29] and in our paper.
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