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1 Introduction

Let G be a Lie group and A a left invariant sub-Laplacian on G. If L?(G)
denotes the space of square integrable functions with respect to the right
invariant Haar measure on G, then A is a selfadjoint operator on L?(G).
Therefore every bounded Borel function f on R induces a continuous oper-
ator f(A) on L*(G).

It is now natural to ask, under which additional conditions on f the
operator f(A) is necessarily bounded on LP(G), p # 2. In this case we call
f an LP-multiplier for A. For more background information and various
multiplier theorems we refer to [1], [3], [2], [5], [10], [8] and the literature
mentioned therein.

Here we focus our attention on amenable groups with exponential volume
growth and continuous functions f with compact support. Our aim is to
show for a reasonably large class of Lie groups and sub-Laplacians that a
certain degree of differentiability of f is sufficient for f(A) to extend to a
bounded operator on LP(G), i. e. that A has differentiable LP-functional
calculus.

That this is not true on any group with exponential growth (in contrast
to the situation on Lie groups with polynomial growth, cf. [1]), was shown
by M. Christ and D. Miiller in [2]. They gave examples of sub-Laplacians
A on solvable Lie groups, which are for any p # 2 of holomorphic LP-type,
i. e., there exists some non-isolated point A in the L2-spectrum of A and an
open complex neighbourhood U of A in C such that every continuous LP-
multiplier, which vanishes at infinity, extends holomorphically to U. (More
recent articles dealing with this topic are [8] and [7].)
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Therefore it is interesting to study new classes of groups and sub-Laplacians,
to find out whether they admit differentiable LP-functional calculus or not.

In Section 2 of this article we consider compact extensions of a class of
solvable Lie groups. We modify and extend some methods, which were used
in [6], to show that any sub-Laplacian on these groups possesses differen-
tiable LP-functional calculus for each p € [1, x].

In Section 3 we turn to some semidirect products of the 3-dimensional
Heisenberg group H; and the real line and study distinguished sub-Laplacians
thereon. In fact, up to some exceptional cases, the groups and operators here
are treated in Section 2 as well, namely when K is chosen to be the trivial
compact group {1x}. But in Section 3 we use different methods (introduced
in [5] and again employed in [10]) to derive differentiable L?-functional cal-
culus. From the quantitative point of view our results here are better than
the results about these special sub-Laplacians in Section 2.

2 Compact extensions of solvable groups
2.1 Preliminaries

Let n be a real m-dimensional nilpotent Lie algebra, and let N be n, endowed
with the Campbell-Hausdorff multiplication. Then, up to isomorphism, N
is the uniquely determined connected and simply connected nilpotent Lie
group whose Lie algebra is n. Although the exponential map expy of N is
in fact the identity on n, we will use the notation exp, to make a clear
distinction between the levels of Lie group and Lie algebra.

Let D be a derivation on n with eigenvalues A;, ¢ = 1, ..., q, whose real
parts p; are all strictly positive (or all strictly negative). We define p to be
the real part p;, which has the smallest absolute value. The trace of D will
be denoted by Q. If D is diagonalizable over the field of complex numbers,
we shall say that D is semisimple.

Let 6 : R — Aut(n) = Aut(N) be the group homomorphism defined by
6(s) = e*P. Thus we can consider the semidirect product H := N xy R .

Furthermore, let K be a connected compact Lie group and v : K —
Aut(H) a group homomorphism such that the mapping

Hx K — H,(h, k) — ~v(k)h

is analytic. The group of main interest in this section is G := H x, K.

The measures we would like to consider, are the Lebesgue measures on
N and R, dn and dr, as well as the biinvariant Haar measure dk on K. For
simplicity we may assume dk(K) = 1. The Lie algebra of the group K is
denoted by &.

A right invariant Haar measure on H is given by d"h := dndr, and
the measure d'h := e~"? dndr is left invariant. We shall denote by u the
modular factor p(n,r) := e"?. It is easy to verify that d"g := dndrdk
is a right invariant Haar measure on G. As K is compact, the modular
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function m on G is given by m(n,r, k) = pu(n,r). Hence the left invariant
Haar measure on G is of the form d'g := e~ "? dn dr dk. For p € [1,00] let
LP(G) := LP(G,d"g).

Since the modular functions p and m are not trivial, the groups H and
G are of exponential volume growth (cf. [11], §IX.1).

Let Y1, ..., Vp be left invariant vector fields on G, which generate the Lie
algebra g of G. We are interested in the sub-Laplacian

A==V (1)

and its heat kernel (¢.).cn,, where H, denotes the right open complex
halfplane. The heat kernel is defined by e ™*2 f = f * ¢, for all f € C(Q).

2.2 Results

In the situation described above the following two theorems hold:

Theorem 1. For any € > 0 there exists a C. > 0 such that for each s € R

2 4o4e
[$1+isll 1 (@) < Ce(1 + )22, (2)

If D is semisimple, there exists a Cy > 0 such that for all s € R
Q
@145l L1 (@) < Co(1 +|s]) % 2. 3)

Theorem 2. Let f € C.(R), x > % + 2 and p € [1,00]. If f lies in the
Sobolev space H"(R), the operator f(A) extends to a bounded endomorphism

on LP(G), given by convolution from the right with the L*(G)-function

1
f_27T R

(f - exp) (&) p1—ie dE .

Theorem 2 follows directly from Theorem 1. With Theorem 1 and the
Cauchy-Schwartz inequality it is easily verified, that for f € H"(R) the
function &y is integrable on G. The Fourier inversion formula implies for all
0 € LPNLA(G)

1

FA)p =g | (£ exp) (e % de,

so we obtain f(A)p = ¢ * ks and ||f(A)<PHLv(G) < kaHLl(G)||<P||LP(G)-

Remark 1. Consider the special case, where K is the trivial group {1x},
N a stratified group and R is acting on N by the natural dilations. More
precisely, let V;, i = 1,...,¢q, be vector spaces with n = V; @ ... ® V, and
Vi, Vj] = Viy; (with the convention V; = {0} for [ > ¢), and let Dv; = juv;
for each v; € V.
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In this situation Theorem 1 and 2 were proved in [6] (with slight re-
strictions on the form of the considered sub-Laplacians). In the Section Im-
provements and open problems of that article W. Hebisch mentioned that
his results can be extended to any semidirect product H, defined as in our
preceding section. So in the case K = {1k} our proof of Theorem 1 serves
as a rigorous verification of the statement made by W. Hebisch.

When K and v are non-trivial our results are new.

2.8 Proof of Theorem 1

If all p; are strictly negative, the mapping 7(n,r, k) = (n,—r, k) is a group
isomorphism between G and G := (N x5 R) x5 K with 6(r) = (=) and
5 =T1o0~o07 1. The operator A := dr(A) is a sub-Laplacian on G and its
heat kernel is given by ¢. = ¢ o 7, which implies o=l e = H(;NSZHLl(é).

So we just have to prove the case, where all real parts p;, i = 1, ..., g,
are strictly positive.

We shall reduce the L'-estimate of the heat kernel to a weighted L2-
estimate in Proposition 1. But previously, we have to define a reasonable
weight function w and to prove two preparatory lemmas.

Let |- |p be a homogeneous norm on N with respect to D, i. e., a con-
tinuous mapping |- |p : N — [0, 0o, which is smooth away from the origin
and which fulfils the conditions |z|p = 0 iff x = 0, | — z|p = |z|p and
lePx|p = e*|x|p. (Such a homogeneous norm exists iff all the p;, i = 1,
..., g, are strictly positive; see e. g. [4], §2.5.) F shall denote the compact
smooth surface {n € N : |n|p = e®}. The weight function w : G — [0, 00 is
defined by w(n,r, k) = |n|2.

We consider a left invariant Riemannian metric d on G. Let 1 be the
unit element in G. Then we define d(g) to be d(1¢,g) for any g € G.

Lemma 1. There is a constant C > 0 such that for all g = (n,r, k) € G
In|p < Ce€UN9)  and |r| < C(1+d(g)).

Proof. Let B, denote the Riemannian ball in G with centre 1¢ and radius
r. As its closure B, is compact, there are ¢, p € N with

By C(B,NnH)x K and ~(K)(B,NH)CB,NH.
If go = (h(), k()) is in Bj, there exist g9i = (h“kz) € By,1=1, s s with
go=49g1- ... g; = (hl . ")/(kl)hg Ceee ’}/(kl et kj_l)hj7k1 et k]) .

Thus ho = (no, o) is in (B, N H)7, and we can find b} = (n;,r;) € B, N H,
i=1,...,7, with

hO = hll . h; = (nl . eTan2 C. 6(7‘1+...+T‘j71)Dnj7T1 4o+ rj) )
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There is a C > 0 with B, N H C {(n,7) : |n|p < C,|r| < C}, which implies
|ro] < Cj. For all ', m" € N we have |n' - m/|p < M - max{|n/|p,|m/|p},
where M := max{|n - m|p : |n|p,|m|p < 1}. Hence

Inolp < M9~ max{|ni|p, ...,e" Tt n; p} < OMIT1CUD
O

Lemma 2. There exists a C' > 0 such that for each R >0
[ arw@)teg<cuspr. (4)
d(g)<R

Proof. Lemma 1 ensures the existence of a constant C' > 0 independent of
g = (n,r, k) such that |n|p < Ce®¥9) and 2|r| < C(1+ d(g)) are satisfied.
That implies

/ _dg <C(1+R) / dinQ _
1+w(g) 1+ |nlj
d(g)<R In|p<CeCR

For the sake of simplicity we confine our analysis to the situation, where
Fy can be parametrized up to a set with surface measure zero by one chart
@ : U — R™ = n. Here U is an open subset in R™~!. Let R’ := (CR +
In(C))/Q. The mapping e*” o ¢ is a parametrization of F, and

@:Ux] — o0, R[— {n € N\{0}: [n|p < "}, (u,5) = e*P(p(u))
is a diffeomorphism onto the range of @ with Jacobian determinant
e*@| det(Dup(u), D(p(u)))|-

With a suitable Cy > 0 we obtain

’

[ 7 ([ £t DUt ),
U

L+nl3 ) 1+e0Q

[n|p<eft’'@
=CoIn(1+ eR/Q) .
O

Proposition 1. There exists a C' > 0 such that for every s € R

o1+isllzriey < CA+[sD? (X + w2 prpasl) ()
Here and in the sequel, || - || shall denote the norm on L*(G) = L*(G,d"g).

Because of inequality 4, the argument from [5], p. 160 (or [6], p. 438 —
439) can be used to prove Proposition 1. Consequently, in order to prove
Theorem 1 it suffices to verify the following proposition:
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Proposition 2. For given € > 0 there exists a C. > 0 such that for each
seR

2.4
w21 pis]| < Co(1+[s) 7= (6)

If D is semisimple, then there exists a Cy > 0, independent of s, with

Q
[ $1is |l < Co(1 + |s]) 2 (7)

For the proof of Proposition 2 it is useful to consider a distinguished
basis of the Lie algebra g. Let {X1, ..., X, } be a basis of n, Xy = (0,1,0) €
nxRxtand {X_q,...,X_,} a basis of £&. These Lie algebra elements induce
left invariant vector fields on G by

d .
X;f(g) = Ef(g -expg (tX)))|t=0, J=-n,..,0,..,m,

which we will identify with the Lie algebra elements themselves. If j =
0,...,m, we can also consider left invariant vector fields X]-H on H, defined
by

Xngo(h) (h - expy (tX;))|i=o0 -

_4
“at’
Analogously, we define for j = 1,...,m and a function ¥ on N
d
N p(n) = 200 expy (t2) o
Then the vector fields XjH, 7 =0,...,m, on H are given by

X1 =0, and XM = (e"Px)N foralli=1,..,m. (8)

For a given k € K let now (k) be the uniquely determined linear mapping,
which ensures commutativity in the diagram below:

H (k)

expr |

Tepo
h —— b
F(k)

H

(A maybe more common notation for (k) would be dy(k).) If 4(k) will
be represented as a matrix in the sequel, this is always meant with respect
to the basis {Xp, ..., Xn} of h. With this convention we obtain for each
j€{0,...,m}andne N\{0},reR ke K

(Xjw)(n,r, k) = Z (k)i g [(e"P X)) M w](n). (9)

The following statement can be calculated directly by transforming D
into complex Jordan normal form: There are functions F;;, : R — C,
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i,l=1,...m; v =1,..,q, and constants C, y > 0 independent of s € R,
satisfying

sD)(‘ Z (Zespu i ( )Xl and P, (s)| <C@+s]*). (10)

If D is semisimple, each P;;, can be chosen as a bounded function.
Now we are going to establish a proposition, which is essential for our
approach to the proof of Proposition 2:

Proposition 3. For any € > 0 there exists a C. > 0 such that for all
1€{l,....,p}, ne N\ {0}, r e R and k € K the following inequality holds:

q
|Viwl|(n,r, k) Z{ r(pvte)y )Q_g_s + er(p”fs)w(n)Q_g”E } (11)

If D is semisimple, one can estimate

q
Viwl(n,r k) < Co Y ePra(n) “@ (12)

v=1

with a constant Cy > 0 independent of i, n, r and k.

Proof. For i = —n, ..., —1 the functions Xjw are identically zero, as w does
not depend on the variable k.
Using formula (10), we get for n € Fy and i = {1,...,m}

d —S
[(eTDXi)Nw](BSDn) = eSQaw(n . eXpN(te(r )DXi))|t:0

—e5Q ( (r— S)DX ZesQ-l-(r s) Z-Pi,l,u(r _ S)(XZN'U})(TL) )
=1

Hence there exists for any € > 0 a constant ¢. > 0, fulfilling
q m
(P )N w|(e°Pn) < e Y QT Iotir=sle N N[ (). (13)
v=1 =1

Now define C' := ¢, max{zl]il |(XNw)|(n) : n € Fy}. Because of w|p, =1,
there holds for n € Fy, r € R

(e X)) M w|(e*Pn)

Q—pyte
Q

q
<Ce@Y (et up(n) TET 4 e (n) TET) (14)
v=1

Q*;éu‘#E } .

q
=C Z{er(py+s)w(esDn) Q*Zg"*g + er(pu—e)w(esDn)

v=1
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We have N \ {0} = {e*PF, : s € R}. Furthermore, the functions 7; ; are
bounded on K and the );s are linear combinations of the &js. Thus formulae
(9) and (14) imply inequality (11). If D is semisimple, (13) can be simplified
to

q m
(e X)Nw|(ePn) < oY e TIPS AN wl(n)
v=1 =1

with a suitable constant ¢y > 0. Therefore inequality (12) follows. 0O

To simplify the proof of Proposition 2, we state two preliminary lemmas:
Lemma 3. For any § > 0 there exists a C > 0 such that for each j €
{1,...,p} and each z € C with R(z) > § the inequality ||e’”%yj¢z|| <cC
holds; here e"¥ denotes the function (n,r, k) — er¥.

Proof. Let z € C with R(z) > 4. If Y; has the form Y; = > a; ;X; with

1=—n

a;; € R, then, by using the notation n; := > """ a; ;50,i, we get

p
(A, e00.) = > (le"8 V;6: 1 + (Vb= m;Qe262))

Jj=1

The Cauchy-Schwarz inequality and the fact that ¢, solves the homogeneous
heat equation with respect to A imply

P P
ST FYio.l? < e FAd, e T+ sl Qe T V561, e F 6.1)
j=1

Jj=1

Q Q
(le"2 Yo 11? + In; 2. Q%lle" = 6:[1%) -

N =

p
Q Q
<lle"z 0. llle"F =]l +
j=1

From (e=*4)* = ¢=% 2 follows ¢, (g~ ") = m(g)¢-(g). As the modular func-
tion m is given by @, we get HeT%(bZH = ||¢-|. Since ¢, = e~ =DA¢p;,
||e"% &2l < ||¢s|| holds. By using Cauchy’s formula, it is easy to verify that

rQ 2 rQ
e 0::1l < S sup{lle" écll : |2 — ¢ < §}-
Od

Lemma 4. Let j € {1,...,p}, 6§ >0, 7> 0 and C > 0.
(i) If Q > 2n, there exists a C > 0 such that for « > 0 and z with
R(z) >4

- ] o C 2Q-4
V6l e 6.) < St 2Di6|” + Cllw'Pe. T (15)
(i1) If Q < 21 < 2Q, there exists a C > 0 with
Q—n (07 n=Q
(156, €0 [6]) < Z 02Dy |2 + Ca™ (16)

for all o > 0 and z with RN(z) > 6.
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Proof. Consider o, C, 1, § > 0. Let j € {1,...,p} and z with R(z) > 4.
(i) @ > 27 implies

Q- « C Q-2n
(1Yj¢:],e"Mw"a " |¢]) < Ellwl/zyj¢zll2+;\\emw g%

By using Holder’s inequality, one gets

Q-2 Q 2n
le"w 2R ¢, || < [le"F ]| @ w26,

Q—2n Q—2n
Q .

21

< llgsll @ /2. "=
(ii) Let @ < 21 < 2Q. By using Holder’s inequality with exponents

p=Q/2(Q —n) and p' = Q/(2n — Q), we can estimate

T 6.

2(Q—
Q

n

1621) < |72 b | [le” ™ Buw

T Y.l < llbs w256 |

Q_
<|yj¢)2|7 e

<[lgs|lle 7w

"Q 2n

) T —Q
CleF Viosl T

As there exists a constant C' > 0 with HeT%ngsz < C (cf. Lemma 3) and
as the inequality ab < a” + brl, r" = -5 holds for all a, b > 0 and 7 > 1,
we obtain inequality (16) with r = Q/(Q — n) and a suitable C' > 0. O

Proof of Proposition 2. Lemma 1 states the existence of a C' > 0 with w(g) <
CeC9) and (e7*4)g(2)>0 is a holomorphic semigroup of operators on each
weighted L2-space L*(G,e*%9) d"g), s € R (cf. [5], Lemma 1.2). Hence z —
w'/2¢, is a holomorphic mapping from the right open complex halfplane
into L2(G). Therefore there exists a C' > 0 such that [|w!'/2¢; .| < C for
each s € [0,1]. Since ¢1—;5s = (P144is)*, we have to consider only the case
where s > 1. For 0 < o < 1 we define

¢a(5) = Hw1/2¢%+(i+a)s”2 .
Further we define z := 3 + (i + )s. Using this notation, we obtain

Isva(s)

2R((i + a)0:¢., wh.) = —2R((i + @) (Ad., we.))

(17)

IN

2

J

(= allw'2Y;0.01% + 2(|Y;6. |, |1 Vjwl]8:])) -

1

Case (1): dimn = 1. Here, D is given by the 1 x 1-matrix (Q). Estimate
(12) leads us to the inequality |V;w|(n,r, k) < Coe"@ for j € {1,...,p}.
Hence

(26, [Vywlle-]) < Collem2 V8-l F o. ]| < C,

with C' > 0 independent of s, a (cf. Lemma 3). Thus there exists a C' > 0
such that 951, (s) < C for all s and «. That implies (with « := is)

2
||w1/2¢1+i5|| < Cy1+|s| fors>1.
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Case (2): dimn > 2. For j = 1,...,p and € > 0 Proposition 3 implies
(| V-], [Vjwl| =)
q
<C Y (Y6l (P

v=1

Q—(py—2) (18)

G | ree=9)y T 6, )y

(If D is semisimple, we can exchange ¢ by 0 in (18) and in the rest of this
proof.) For every € < p, p, + ¢ fulfills Q > p, + ¢ for any v € {1,...,¢}.
According to (17), (18), (15) and (16) (with C := 4¢C.), 851, is majorized
by a sum over np € {p, e : v =1,...,q}, consisting of terms of the form

C

o

2Q—4n C Q=2
'] = —a T for Q29
and

- C
Ca7 < o for Q < 2n < 2Q.

Hence, there exists a C > 0 such that for all « €]0,1], s > 1 the function
1, is majorized by the solution u of the initial value problem

Wis) = ) TET u1) = (),
which is given by
2(p—¢)C

“(5):( <S—1>+<1+wa(1>)%)m ~1.

Qo

Hence, for a = 2—1,5 there exists a constant ¢, > 0, independent of s, with

Q
lw'2611isll = V/iba(s) < (1 +[s]) =9 .

3 Semidirect products of the Heisenberg group H; and the real
axis

3.1 Motivation

Noteworthy about Theorem 1 and 2 is, that the exponents in (2), (3) and
the exponent  in Theorem 2 tend to infinity with the ratio @/p. There are
indications that this phenomenon might be a consequence of our method of
proof and does not reflect any underlying mathematical reality.

In [10] e. g., groups of the form H = R? x4 R with 0(t) = e!P, D any
2 x 2-matrix, were studied and for distinguished sub-Laplacians and their
heat kernels the estimate

[ p1+igllor ey < C(L+IE])° (19)
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was proven. (In some cases the estimates are better; the method which
handled the most delicate case had been introduced in [5].) So the exponent
of (19) is bounded, regardless of the action e!”.

If we consider semidirect products Hj g R of the 3-dimensional Heisen-
berg group with the real axis, we can of course not expect such a result.
The article [2] shows that not even all of this semidirect products admit
differentiable LP-functional calculus.

But if we confine ourselves to group homomorphisms 6, which are in-
duced by derivations D in diagonal form with non-negative entries (or non-
positive entries), we are able to derive an estimate like (19) with exponent
6 for all by transferring the methods from [5] and [10] to our situation.

3.2 Preliminaries

The Heisenberg group H; is the set R? endowed with the multiplication

1
ey )@y ) = (2 2y ok ol + Sy — ).

The Lie algebra of H; is the Heisenberg algebra b.

Let o, 0 € R with a8 > 0, and let D be the derivation on h; defined by
D(p,q,t) = (ap, Bq, (a + B)t). The trace @ of D is then equal to 2(« + 3).
Here our object of interest is the group G := H; x4y R, where §(r) = e"P.

As in Section 2 the right invariant Haar measure d"g is simply the
Lebesgue measure dz dy dudr on R* and the modular function is m(g) =
m(x,y,u,r) = eXathr,

The left invariant vector fields on GG, induced by the Lie algebra elements
X1 = (1,0,0,0), X, := (0,1,0,0), X3 := (0,0,1,0) and Xy := (0,0,0,1)
from g = bh; x R, are explicitly given by

Xy = e (ax - %y@u) L Ay =T (3y + %w@u) ,
Xy = ety Xy =0,.

The operator Ag := — Z?:o Xj? is a sub-Laplacian and Ay, := — Z?:o Xf
a full Laplacian on G. Let ¢ and ¢ denote the heat kernels of Ag and Ay,
respectively. Further let J(Ag) :={0,1,2} and J(Ap) := {0,1,2,3}. In the
sequel A shall denote the sub-Laplacian Ag as well as the full Laplacian
Arp, and (¢t)¢>0 shall denote the heat kernel of A.

3.3 Results

Theorem 3. There exists a C > 0 such that for each & € R the inequality

lp1vicllLre) < C(1+ €N~ (20)
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holds; hereby we have

_otfB o9 yracilg
K = min{a,B} + Zf B € [3a ]7 (21)
6 otherwise.

Like Theorem 1, Theorem 3 implies a multiplier theorem:

Theorem 4. Let p € [1,00], ¢ > 0 and & as in (21). Then each f € C. N
H*t2%e(R) is an LT -multiplier for A.

Remark 2. (a) Extending the results of Theorem 3 and Theorem 4 to com-
pact extensions G %, K of G and sub-Laplacians Ag + dy(A), Ak a sub-
Laplacian on K, is more or less trivial:

If @ # B, it can be shown that any homomorphism v : K — Aut(G)
has to be trivial, i. e., v(k) is the identity on G for any k € K. (One can
e. g. calculate the entries of the matrix 4 = d~y successively.) But then our
sub-Laplacian is of the form Ax + A and its heat kernel is given by ¢X ®¢.,
#¥ the heat kernel of Ag.

If a = 3 # 0, the extension of the results is contained in Section 2.

If « =0 = 3, then G %, K has polynomial growth, so we refer to [1].

(b) If ¢, = ¢? is the heat kernel of the sub-Laplacian and if a = 3 # 0,
Inequality (20) and Theorem 4 hold even with x = 3/2 (cf. [9] or [4]).

3.4 Outline of the proof of Theorem 3

The general strategy for proving Theorem 3 is the same as in the proof of
Theorem 1. That is, we want to reduce the L'-estimate of the heat kernel
to a weighted L2-estimate. But this time we utilize a weight function w,
which is independent of the action : We define w : G — R by

w(@,y,u,r) = (14 |2[) (1 + [y[) (1 + [u]).

Then there exists a C > 0 such that for any R > 0
/ w(g)~td"g < C(1+ R)*.
d(g)<R

Again, by using the same argument as in [5], we are able to find a constant
C > 0 such that for each £ € R

161+i¢ll () < CL+ EN (L + w2 Prael)) (22)

Therefore we are interested in estimating the term |J¢[|w'/2 ¢y i¢[|?|. We
will do this step by step, beginning with weights of low order in z, y, u (like
|z|*/? and |y|'/?) and using the estimations of these terms to estimate higher
order terms in z, y and u. We start with the analogue of Lemma 3:

Lemma 5. For any § > 0 there exists a C > 0 such that for each j € J(A)
and each z € C with R(z) > § the inequality |e )" X;¢.| < C holds.
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Lemma 5 can be verified easily by mimicking the proof of Lemma 3.
Lemma 6. For any compact set K CJ0, 00| there exists a C' > 0 with
22 Gpricll + || 1912 dpricll < C(1+ €)Y (23)
and
ol 225l + 151X 6pmie]l < CL+ 1D 21)
forallpe K, £ € R and all j € J(A).

Proof. By using the notation z = p 4 i we get
(A6, lylos) = S Iy1V2X50. 1% + (Xad, ¢ sgn(y)g.) .

J€J(A)
On the one hand, from this and Lemma 5 there follows

106 [y]Y20. 12| = 2R (10202, [y9-))| = 2|S(Ad., |y|¢-)]
< 2[(Xag., 7" sgn(y)d.)| < 2/|¢. | [l Xagp|| < C.

We obtain || |y|*/2¢.[|> < C(1 + |£]), because the mapping K > p
| 1y]*/2¢,|? is in particular continuous and thus bounded.

On the other hand, it follows from (9, + A)¢, = 0 and Cauchy’s formula
that

ST M2 x0. P < C+ 1yl 2ol [yl /20-0.1| < C(1+1€]).
JEJ(A)

The rest of the statement can be obtained analogously. O

Lemma 7. For any compact set K C|0, 00[ one can choose a C > 0 in such
a way that for each p € K, £ € R and each j € J(A)

< r a+2)r
e F 7|22 6 e + €T 2 y[ 2B ppiell < C(1+ (€)Y (25)
and
< r a+2)r
e 2|2 2 Xy e + [T 2|yl 2 dprae] < C(L+1ENDY2. (26)

Proof. Let again z := p+i£. With the notation vy(r) = exp((a+ g)r) we get

17[y["2pie | = ly]*/2Gpic |, because of ¢.(g1) = m(g)s.(g). Further
(Ao P lyle:) = > Iy 22012 + (Xao., msgn(y)g.)
JEJ(A)

+ <X0¢za (2a + 6)'72|y|¢2> .

Here the absolute value of the last term can be majorized by

(2a + B3)?

5 [vly| 20|12 .

1
5\\v\y|1/2?€o¢>z||2 +
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Hence

Do Iyl 2 X 0:0? <2lylyl 2o Iy lyl 20. -] + 2lVme.| | VmXas:|

JEJ(A)
+ (204 B)?|lyly 2. |I> < C(L+ €]) -

O
Lemma 8. For any compact set K C]0, 00| there exists a C' > 0 with
2 0piell + [0l < C(1+ ) (21)
foreverype K, £ €R and j € J(A).

Proof. We consider just the case A = Aj,. (The proof for the heat kernel of
the sub-Laplacian Ag is contained in the proof for the Laplacian A; — one
has just to ignore all terms in which X3 occurs.)

With z = p 4 £ we get

3
1
(Aol [ulol) =3 |l ul /22,651 — 5 (oL, ey sgn(u)oL)
j=0
1
+ 5 (%07, e sen(u)or) + (XL, T sgn(u)or)

By proceeding as in the proof of (23) we obtain ||| [u|'/2¢%||?| < C(1+]¢)),
and from this follows || [u['/2¢L, .|| < C(1+ [¢])?. As in the proof of (24)
one derives eventually Z?:O | [ul' 2202 < C(1+ €)% O

In Lemma 7 we got the same upper bound C(1 + [£]}/?) for the terms
||e(°‘+§)r|y|l/2(bp+i5|| and ||e(a+§)r|y|1/2Xj¢p+i5H (which we shall call re-
lated terms of [ly]1/2 i) as for the terms [ly[1/26,-ic | and [y]/2;6p-ic
in Lemma 6. Similarly, we get from Lemma 8 the estimate

a+pB

He : atpB

"l 2 dpriell + e ul 2 X i < C(LHIE]) (28)

for the sum of the related terms of |||u|'/?¢,4:¢||. The last inequality holds
again for any compact K C|0,00][, p € K, £ € R, j € J and the constant C
depends just on K.

By using the same notation and just the same techniques that we have
used so far, we obtain

[xdpticll + ly@pricll < C(1+[E]) (29)

and this upper bound holds also for the related terms ||€°"zd,vicll, [|€* Y ptic |,
17" 2 X;$pic]| and [|e® yX;d il
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After this it is easy to derive that |||zul*2¢,icl, |llyul*/?¢ptic|l and
the related terms are bounded by C(1 + |¢])%/2.
In a similar way one establishes

21yl Gpricll + [l 2y pricll < O + €] (30)

(and this bound holds also for the related terms). With this bunch of es-
timates we are able to verify ||w!/2¢11]| < C(1 + |£])% Therefore, with
regard to inequality (22) and Theorem 1, Theorem 3 holds.
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