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ABSTRACT

Frequency-selective, linear-phase FIR filters are considered, as
single systems and within analysis-synthesis filter banks. They
are usually designed, in the single-channel case, to fulfill tole-
rances in the Chebychev sense, or, in near-perfect-reconstruc-

tion filter banks, to minimize a reconstruction-error measure. If

hardware is limited, fixed-point coefficient quantization is
needed. It causes, in general, tolerance violations or a larger
reconstruction error. Discrete re-optimization may help. A
recent technique, able to handle also large filter orders, is
successfully applied and newly extended to filter banks. Even
better are randomized strategies, introduced and examined in
the mathematical-optimization community over the past 15
vears, especially, randomized rounding is very effective.
Thereby, good results are found for both single-system and
filter-bank designs. We further introduce a new random sub-set
selection within the above re-optimization. Like randomized
rounding, it allows a trade-off between computational effort
and solution quality. Clear improvements over deterministic
heuristics are obtained by both randomized algorithms.

1. INTRODUCTION

1.1 Linear-Phase FIR Filters

FIR filters are defined by their finite-length impulse response
h(k), ke{0]l,..,n};n denotes the filter order, (n+1) the filter

length. The corresponding transfer function is of the all-zero
type H(z) = ih(k) 27k Choosing h(k) symmetrically leads
k=0

to strictly linear-phase systems. Without restriction of general-
ity, we consider a real-valued filter with even order n=2N and

even-symmetry , i.e., i(n—k)=h(k), ke{0],..,N }, whose

frequency response is a purely real, even function H,(Q) in
. . N-1
H(e? )= /N? -[h(N )+2% h(k)-cos((N~k)- Q)}
k=0

=M1, (Q), (1)
except for a linear phase term. This type of systems is of interest
for frequency-selective filters, including filter banks; also odd-
order systems are possible here; their description may be
transformed into the above form. Odd-symmetry systems are
used in other applications not covered here.

1.2 Design of Frequency-Selective Filters

The choice of A(k) defines the shape of #,(Q2) . For a low-pass

filter (or high-pass etc.), a rectangular shape is desired, to be
approximated by H,(Q ) according to a suitable error criterion.

Mostly, a Chebyshev solution is appropriate: The cosine
polynomial of (1) fulfills a tolerance scheme with a minimized
maximum deviation reached by the maximum possible number of
“equal error ripples” (see Fig. 1 for a low-pass). This solution is
found efficiently by means of the well-known program due to
Parks and McClellan [1], using the Remez exchange algorithm [2]
and included in available software packages [3, 4]. A priori, this
program takes prescribed edge frequencies {2 ,,€3} and mini-

mizes the stop-band ripple J, , given an order n and a prescribed
ratioR =9 v / 05 . This case will be dealt with here, although there

are well-known formulae [5, 6, 7] also for the order » needed for a
complete tolerance prescription {51,52, AQ=Q-Q, } .
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Figure 1: Example of an equal-ripple FIR-filter design.
1.3  Design of Filter-Bank Prototype Filters

The combination of a single narrow low-pass filter in a so-called
poly-phase network (PPN) with a subsequent spectral transform-
ation (DFT or DCT, implemented efficiently by an FFT) realizes a
filter bank with M pass-bands (“channels”) of identical “proto-
type-filter” shape shifted to equispaced frequency points by the
transform-inherent modulations. Using a DCT leads to a real-
valued “cosine-modulated” system. The latter is of interest in the
following, especially in the combination of a spectral decom-
position followed by a recombination, with some application-
specific manipulation in the spectral domain, like noise or echo
reduction, or compression (see Fig. 2). Without any intermediate
spectral changes, the “analysis-synthesis” filter bank should
reproduce the input signal, at least approximately, according to

X(k)~x(k—k,), 2
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Figure 2: Spectral analysis-synthesis system with internal
application-dependent spectral modification

with some delay £, being allowed. This requires that the M neigh-

bouring channels’ frequency responses add to a constant value
~ 1. Furthermore, to keep the data rate and computational load
low, the transformation is calculated only once every r sampling
intervals, with » < M, corresponding to a down-sampling of the



narrow-band channel signals; after up-sampling and filtering on
the synthesis side, aliasing components may remain. The case
r=M is termed “critical sampling”. There are ‘“perfect-
reconstruction” (PR) systems and designs [8, 9], with complete
alias cancellation and making (2) an equality, but with some
restrictions on the prototype shapes. With more freedom, “near-
perfect reconstruction” (NPR) designs are found (e.g., [10, 11]),
with some deviation of the total system’s frequency response from
1.0 and some aliasing left. A suitable design will keep both errors
at some minimum, e.g., in terms of a weighted sum of the mean-
square linear distortions and the aliasing power. The critical-
sampling NPR case with the iterative design proposed in [12] was
used in our work, with equal weights for both errors.

14 Fixed-Point Realization

Except for special cases (like very narrow-band filters) the “direct
form” is the standard realization of an FIR filter (see Fig. 3): The
impulse-response values A(k) are also the realization coefficients.

Figure 3: Direct-form (or “2-nd canonical” or “tapped delay-
line”) realization of an FIR filter.

There are “PPN-+transformation”-type filter banks employing
the same structure in their PPN section [13], as to be used here.

2. COEFFICIENT QUANTIZATION

2.1 Possibilities

After the design, all coefficients are given with “infinite” (i.e.,
computer, floating-point) precision. If a hardware realization of
low cost is required, a fixed-point representation of all data is
still favourable. Here, we shall deal with the effect of fixed-
point filter coefficients only; the treatments of input-signal
quantization noise as well as, in the filter-bank case, FFT-
coefficient quantization are well-known (see, e.g., [14, 15, 16]).
Fixed-point coefficients, be it the set {h(k)} or the lifting
coefficients, implemented after a normalization to the range 1,
by one sign bit and w, —1 bits “behind the comma”, deviate

from the original values. So, the frequency response
H,(Q ) deviates from its optimized shape, both in a single

filter, where the tolerances are violated, and in a filter bank,
where linear and aliasing distortions increase, in general. The
additional deviation from the actually required ideal behaviour
is random-like, for sufficiently large filter orders n, if the
coefficients are simply rounded to w, bits. An analysis of the

error statistics lead to statistical estimations of the minimum
possible wordlength w,,,;, and the correspondingly necessary,

increased order n” >n for given tolerances [17, 18], as applied
in an iterative design of FIR filters with finite-word-length
coefficients [19]. An analysis of (linear and aliasing) error
bounds for cosine-modulated filter banks was published
recently [20]. It is quite clear that an additive random error may
cause a system to be close to — or far away from the required
behaviour. Especially, in [20], a strong variance of the resulting
quality was observed (see Fig. 4). So, in many cases, there is a
potential of better solutions still with quantized coefficients,
either with less deviation with the same w, and ’, or with the

same error at lower word-length and / or order.
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Figure 4: Difference of the mean-square linear distortions E;g

after and E; before coefficient quantization for varying filter
lengths and word-lengths, in a 16-channel system (from [20]).

2.2. Discrete Optimization

There are various tools for an optimal choice of discrete coef-
ficients for the above-named criteria, e.g., mixed integer-linear
programming [21, 22], simulated annealing [23], or genetic
algorithms [24]. These methods normally suffer from a high
time-complexity [25]. In all cases, a rounded version of a
floating-point set would normally be used as a good start. But
still, only relatively low filter orders like n =~ ...100... can be
handled. Therefore, various “local-search” [26] and “branch and
bound” methods have been proposed, though without a
breakthrough, since in the cosine polynomial of (1), for a high
order N, the sensitivity of many coefficients is equally large at
any frequency, due to the cosine factors. But for the single-
filter, tolerance-scheme case, a modification of an algorithm due
to [27] was applied in [25] for re-optimization successfully, also
for long filters (like n = ...1000...). In [27], a fast algorithm is
introduced, finding maximum-norm bounded least-squares
solutions with infinite-precision coefficients. An equal-ripple
solution with unquantized values A(k) is found iteratively from
the L, - error design with a varying bound on the maximum
norm; [25, 28] apply this iteration successively to suitably
chosen coefficient subsets during a one-by-one quantization
strategy. Results of this approach are included in Tab. 1 and 2,
for comparison with our approach to be discussed next.

2. RANDOMIZED STRATEGIES

3.1 Randomized Rounding

A very fast approach to solve large integer-linear programs are
randomized algorithms, using structural properties of the under-
lying linear-programming relaxation (LP), as introduced in the
last 15 years. Among them, randomized rounding has been most
successful approximating optima of integer-linear programs [29,
30]. We formulate the algorithm for filter design as follows:

For a value range *1 , the quantization interval is Q =27"¢ .
In naive rounding, a valuek e [(i—1/2)-Q,(i+1/2)~Q) is
rounded to 4y =i-Q in a “hard decision”. Randomized round-
ing, instead, takes a “soft decision”: Before applying the above
rule, a value Q-sign(h—iQ)is added to /& with probabi-
lity pogq =l h—iQ|/Q, while with probability p, =1-p 4
rounding without addition happens. So, with probability p 4, ,

the next larger or smaller quantized value will result, rather than
the naively rounded one. A single trial may yield larger errors —
but in a large ensemble of randomized designs, also better
versions are found, see examples included in Tabs. 1 and 2.



3.2 Randomized Subset Selection

A discrete local-search technique would try to find a “most
influential” rounded coefficient sy =i-Q and check whether

an improvement results with the replacement
hg=i-Q— hp =(itm)-Qwithm=10rm=2.

Alternatively, with all other coefficients kept at their quantized
values, this element can be re-optimized continuously, accord-
ing to the given criterion, and then be rounded again. The latter
idea is not directly applicable to a Chebychev design, as the
programs of [3, 4] deal with the frequency response, a priori,
finding all coefficients together at the end. But the approach of
[27] minimizes an MSE, a priori, with a linear constraint
concerning the maximum absolute error, which may be done
with just one coefficient. This is applied in [25] to re-optimize
the shrinking subset of non-quantized coefficients, following a

lengths w, , equal-ripple designs were found first. The resulting

loss of stop-band attenuation after (“naive”) rounding is obvious,
as well as the growing enhancements when randomized rounding,
a deterministic re-optimization, and a randomized multi-
coefficient re-optimization are applied. The last result, following
the proposal of Sec. 3.2, comes quite close to the unquantized
solution’s quality.

4.2 Prototype-Filter Design

The same strategies can also be applied to filter banks. An
initial (“infinite precision”) solution is found by means of the
method in [12]. The objective function

Eia-El+(1—a)-E2
is minimized. Here, the mean-square value of the linear
distortion is described by

C . . . .- T/ M
deterministic choice of the elements in each step. Positive E= | ‘Hg(Q)_,_Hg(Q_ﬂ/M)_] ‘2 dQ .
results are reported for filter orders up to n = 600...1000... Q=0
Parameters Parameters
and errors
n 50 62 86 106 200 400 600 I"; 7 7 3 3 T3 6
Q 7/8 | #/2 | 7/5 /4 | 192 | 192 | .192
P L 32 48 64 96 128 192
Q, xl4| 3x/5] z/4 | x/3 | 208 | 208 | 208 P 21 02 1386 1016 201 1000
R=6,/6, | 500 | 500 100 100 1 1 1 E, 10 29.8 0.023 | 11.3 0.017 | 4.06 0.015
a,/dB = 82.9 | 86.3 63.7 96.0 343 58.8 82.2 107 422 0.26 273 0.14 16.1 0.071
-
—20lgd, . 9 14 9 14 9 13
w 15 16 12 18 8 12 16

c

(aame | 801 [ 792 [ 59.1 [90.7 307 | 515 [ 747

round.

(@) | 803 | 831 | 59.7 | 927 | 314 | 53.1 | 755

round.

Eg-10 7 1280 3.35 598 0.33 800 4.12
naive round

Eihawe | 1230 [ 308|571 018 [ 781 [ 404

round.

(@) eont 81.0 | 82.7 | 614 | 933 327 | 555 | 779
fsf"
@)y | 816 | 855 | 624 | 948 | 332 | 563 | 788

select.

Tab. 1: Parameters and design qualities of several examples.

As observed in [25], deterministic re-optimization techniques
suffer from a loss of performance for rounding the last non-
quantized coefficients. Rounding a remaining set of coefficients
at once can mitigate this effect. At this point, we combine the
benefits of re-optimization and randomization in a new strategy:
The restriction to just one deterministic solution may again be
broken up. After rounding all (N+1) coefficients first, a sub-set
{hQ( k )} with p < N +1 elements is dealt with, according to

kel={k.ky..k,,
with p and / being chosen randomly; {hQ( k )}is replaced by a

continuously re-optimized set {Z (k)kel } which then under-
goes a rounding again. This is done for a suitable number of

trials, always continuing with the best solution found so far. So,
the approach of [25] is generalized and randomized.

4. RESULTS
4.1 Single-Filter Design

With the same computation time, designs result with a similar
quality as in [25]; as the design can now, however, be repeated ad
libitum with new, random, solutions, at the cost of computation
time, better results are possible. This is demonstrated in Tab. 1:
For filters of orders »n=350...600 and varying word-

(E2g)naive 50 0.27 27 0.15 18.4 0.08
round.

Eq‘107 154 0.425 | 60.7 0.195 33.9 0.126
reopt [25]

(Evgreo. | 99 0.151 | 314 | 0050 | 155 | 0.042
(Esg Dreopt. 55 0.274 | 29.2 0.145 18.4 0.084
Eq'107 88.4 0.352 | 583 0.170 | 25.0 0.158
rand sel.

(E1y) rand sel. 35.6 0.077 | 27.6 0.025 | 6.29 0.076

(B rand.sel 52.7 0.275 | 30.7 0.145 | 18.7 0.082

E, 107 88.4 0.326 | 52.1 0.168 | 24.2 0.118

rand .round

Evrand.ra. | 356 | 0.048 | 21.8 [ 0.021 | 441 | 0.026

Eandra. | 527 | 0278 | 304 [ 0.147 | 198 | 0.092

Tab. 2: Error figures E,E;,E, before quantization with designs
for various channel numbers M and prototype lengths L, and
corresponding terms E, Ey,, £, after naive rounding, determi-
nistic and randomized re-optimization, and randomized rounding.

All errors are normalized to 1077 .

Here, equal filters in both analysis and synthesis are assumed,
and the aliasing power, due to limited stop-band attenuation of
the prototype, is denoted by

T2
E = [H;(Q)-dQ.
Q= s
For example, a prototype low-pass filter of order n=127 may be
wanted for a system with M=16 channels. With « =0.5, i.e.,



equal weights for both error types, E =2.01- 1078, with
E;=040- 107 and E, =161 107° are achieved, prior to quant-

ization. Now, a wordlength of only 9 Bits is required. After naive
rounding, we have a much larger linear distortion described

by £y, =78.1- 107 , a little more aliasing with £,, =1.84- 107° s

and a much higher total error figure £, =80.0- 107°. A determi-

nistic re-optimization, with the same word-length, following the
approach of [25, 27 ,28] as adapted to filter banks, reduces the

linear distortion term strongly to £y, =1.55 107 , the total error
to E, =3.39- 1076, Introducing a random selection into this algo-

rithm yields a further improvement, with £, = 2.50- 107 , which,
here, is minimally worse than the randomized-rounding solution,
yielding £, = 2.42-107°. Tab. 2 shows this example, with more

details, in the fifth column, together with a few other cases.

3. CONCLUSIONS AND FURTHER WORK

Obviously, naive rounding leads to huge error enlargements. For a
single filter, 3...8 dB of the stop-band attenuation are lost
(corresponding to a tolerance enlargement by 40...100...%), and
in a filter bank, factors up to 40 occur, in terms of the objective
function. Deterministic re-optimization leaves losses up to 4.3 dB
and factors around 1.5...2.1, respectively, while both randomized
strategies are able to reduce this deterioration substantially again:
Only 1.3...3.4 dB are still lost, and the remaining error-increase
factor lies between 1.05 and 1.35, in our examples.

Also obviously, the randomized-selection strategy is slightly
less successful in the filter-bank application than for single filters.
A possible reason is seen in our ad-hoc choice of the statistics for
the index sub-set selection. Further work is carried out to optimize
this choice, also with regard to the computational effort: Presently,
we choose our randomized techniques to spend a 50-fold
computation time compared to the deterministic algorithm.
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